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PREFACE 


This text has evolved from successive revisions of notes used 
in a One-quarter course at the upper division level. Additional 
material has been included so that the text may be used for a 
semester course. 

Chapter 1 presents the rudiments of intuitive logic, but this 
subject matter serves mainly to provide illustrations of the alge- 
braic structures discussed later. Chapter 2 introduces Boolean 
functions (functions whose variables have the set {0, 1} as a 
range), discusses equivalence relations, and shows that the 
Boolean functions of n independent variables can be used to 
define an equivalence relation in the set of truth value functions 
of n independent variables. 

The main purpose of the book is to develop the theory of 
Boolean algebras via the study of simpler algebraic systems. 
Chapter 3 begins this study with a very simple case — (partially) 
ordered sets. Definitions are given for an arbitrary algebraic 
system and for an isomorphism between two such systems. 
Finite ordered sets are represented graphically. In Chapter 4 
the ordered sets are specialized to lattices. The distributive 
law and complementation are discussed. A lattice is charac- 
terized in terms of the binary operations sup and inf. 

In Chapter 5 a Boolean algebra is defined as a comple- 
mented, distributive lattice and it is shown that every finite 
Boolean algebra is isomorphic to the algebra of all subsets of 
some set. Boolean rings are treated in Chapter 6; it is proved 
that Boolean algebras are equivalent to Boolean rings with a 
unit element, and that every finite Boolean ring can be repre- 
sented as the set of all n-tuples of Boolean constants (for some 
n). These results give another representation theorem for 
finite Boolean algebras. Chapter 7 discusses the disjunctive 
and conjunctive normal forms in a Boolean algebra as well as 
the ring normal form in a Boolean ring. Both existence and 


uniqueness of these normal forms are studied. The principle 
of duality is postponed to the last section of Chapter 7 for two 
reasons. First, duality is the source of several problems stated 
earlier in the text, and it is hoped that the student will carefully 
think through the proofs of the corresponding theorems in the 
text when solving these problems. Secondly, the better stu- 
dents will discover the principle of duality for themselves. 

In the first seven chapters, the only applications considered 
are to set theory or logic. Chapter 8 presents a brief intro- 
duction to the uses of Boolean algebra in the design and analysis 
of switching circuits and computers. Some problems of the 
logical puzzle type are also solved. 

The problems are considered an integral portion of the 
text. The serious student should do most of them. An occa- 
sional harder problem is marked with an asterisk, '*"; problems 
marked with a "#" give results which are referred to later in the 
text. The symbol “§f” is used in the text to denote the end ofa 
proof. Asa guide to further reading, a short bibliography is 
included which lists references at all levels from freshman texts 
to current research papers. 

The author is indebted to his students and colleagues for 
their many helpful suggestions during the incubation period of 
this text. It would be impossible to list all who have con- 
tributed, but it would also be improper to omit mention of the 
few who have contributed most. Miss Sandra Anderson, Pro- 
fessor Harry E. Goheen, and Miss Patricia Prenter each read 
the entire manuscript, at various stages. Of course, any 
remaining errors are the sole responsibility of the author. 


B. H. ARNOLD 
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LOGIC AND 
BOOLEAN ALGEBRA 


SOME CONCEPTS 
OF INTUITIVE LOGIC 


Introduction 


The portion of logic with which we shall be concerned 
deals with sentences, certain structures based on sentences, 
and methods of proof. Much of the material presented 
in this chapter will reappear in later chapters, approached 
from a different viewpoint. The technical term “sen- 
tence”’ is defined in Section 1-2 and the most common 
connectives used to combine sentences to produce others 
are discussed. 

The algebraic concepts of variable and function are re- 
viewed in Section 1-3 and are specialized to sentences to 
define sentential functions. Truth tables are introduced 
in Section 1-2 and are further developed in Section 1-3. 

Section 1-4 discusses relations between sentences and 
between sentential functions. The important relations of 
implication and equivalence are contrasted with two of 
the connectives introduced in Section 1-2. Truth value 
functions are defined as a special type of sentential 
function. 

Some of the most common methods of proof are given 
in Section 1-5. Special emphasis is given to proving an 
implication since many theorems in mathematics are 
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stated in this form. Direct proofs and several types of indirect proofs of 
implications are discussed. The method of proof by mathematical in- 
duction is also discussed; this method is applicable to theorems of a type 
that occurs rather frequently in mathematics. 


1-2 Sentences and Connectives 


In the study of English grammar, sentences are divided into several types 
— declarative, interrogative, exclamatory, etc. The sentences we shall 
study are of the declarative type; these are the sentences usually used to 
convey information. In ordinary usage, when such a sentence is written 
the author conveys that the sentence is true or at least that he believes it 
to be true. However, the subject for a debate might be stated as a declara- 
tive sentence and of course the printing of this sentence in the announce- 
ment of the debate should not be taken as an indication that the statement 
is actually true. In logic, the term ‘‘sentence”’ 1s used in a technical sense 
as described in the following definition. 


DEFINITION 2.1 A sentence is a statement that is either true or false but 
not both. 


Notice that it is not necessary to know whether the statement is true 
or whether it is false; the only requirement is that it should definitely be 
one or the other. In some cases the truth or falsity of a sentence may be 
well known; in others it may be possible to reach a decision after doing 
some work — perhaps for a few moments or for a few years; in still other 
cases it may appear impossible to reach a decision. If a decision is reached, 
the statement under consideration is a sentence, but even in cases where a 
decision is not reached it may be possible to argue that the statement is a 
sentence but that it just doesn’t happen to be known whether it is a true 
sentence or a false one. A few examples will clarify this point. 


Example 2.2 Each of the following is a sentence. 
(a) New York is a city in the United States of America. 
(b) 2-2 = 5. 
(c) sin xz = —1. 


(d) The digit in the 503rd decimal place in the decimal expansion of 
ris a3. 
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Example 2.3 None of the following is a sentence. 
(a) Of at the by from tomorrow.’ 
(b) Come here! 
(c) Are you hungry? 


Given a supply of sentences a, b, ... there may be a great many ways 
in which they can be combined to form new sentences. Fortunately, we 
may limit ourselves to the successive use of relatively few simple combina- 
tions. Moreover, some of these simple combinations are quite familiar 
from everyday usage. We shall use five of these simple combinations 
although, for many purposes, three of them could be dispensed with, as we 
shall see in Section 1-4. The 5 connectives used to form these 5 basic 
combinations are “‘not’’, “‘and’’, “‘or’, “if ...then...”, and “if and only 2f”’. 
We shall discuss each one in turn, but first it is convenient to introduce a 
special notation. 

The numbers 1 and 0 are called truth values; we say that the truth value 
of a true sentence is 1 and that the truth value of a false sentence is 0. 
This numerical notation will sometimes be more convenient than the words 
‘“‘true”’ and “false” or the letters ‘“‘7”’ and “‘F’’ which are used by some 
authors. The definition of a sentence can be rephrased, with this new nota- 
tion, as: A sentence is a statement whose truth value is 1 or 0, but not both. 

The connective ‘‘not’’ is applied to a single sentence ‘‘a’”’ to form the 
sentence ‘‘not a” called the negation of ‘‘a’”’, in symbols, ~a. Of course, 
the sentence ‘‘~a’’ states that the sentence ‘‘a”’ is false; ‘‘~a’’ may be false, 
in which case, ‘“‘a”’ is true. Since the defining characteristic of a sentence 
is that it should be either true or false but not both, it is useful to have a 
table which shows the truth value of ‘‘~a”’ for each possible truth value of 
‘qa.’ Figure 2.1 shows such a table; it is called a truth table for ““~a’’. 
Since ‘‘a” is given as a sentence, its truth value must be either 1 or 0 and 
cannot be both. From Fig. 2.1 it can be seen that ‘“‘~a”’ also enjoys this 
property, so that ‘‘~a’’ is indeed a sentence. 

The connective “and” is applied to two sentences ‘‘a’” and ‘‘b” to form 
the sentence ‘‘a and b”’ called the conjunction of ‘‘a’”’ and ‘‘b’’, in symbols 


FIGURE 2.1 


FIGURE 2.2 


FIGURE 2.3 


a/b. The sentence “a A b” states that both of the sentences ‘‘a”’ and 
“b” are true (of course, ‘a A b” may be false). Figure 2.2 shows its truth 
table. Notice that there are 4 rows in this table since there are 4 possi- 
bilities for the pair of truth values of the sentences ‘‘a’”’ and ‘‘b.”? The 
information in Figs. 2.1 and 2.2 is perfectly familiar. 

The connective ‘“‘or’’ is applied to two sentences ‘‘a’”’ and ‘b” to form 
the sentence “a or b” called the disjunction of ‘‘a” and ‘‘b’’, in symbols 
a\Vb. Figure 2.3 shows its truth table. In ordinary English usage the 
word “‘or’’ is used in two different senses. Sometimes it means that exactly 
one of two alternatives occurs and sometimes it means that at least one 
occurs. In logic, the second of these two meanings has been adopted as 
standard. ‘The first row of Fig. 2.3 shows that ‘‘a V 6” is true in the case 
where both of the sentences ‘‘a”’ and “‘b”’ are true. 

The connective ‘af... then...’ is applied to two sentences “‘a”’ and ‘‘b”’ 
to form the sentence “if a then b” called the conditional of ‘‘a’”’ and “‘b’’, 
in symbols a— 0. Figure 2.4 shows its truth table. Notice that in case 
“qa”? has truth value 0 the conditional ‘‘a — b” is automatically true no 
matter what sentence “‘b’’ is used. In case ‘‘a’”’ has truth value 1 there is 
a further requirement in order that the conditional ‘‘a — b” should be true; 
the first two rows in Fig. 2.4 show that this requirement is just that ‘‘b” 
should be true. These facts usually seem a little surprising at first ac- 
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quaintance, and it is important that the student should arrange his intuition 
to agree with Fig. 2.4. One possible way to accomplish this is to think of 
the requirement for the truth of the conditional ‘‘a — b” as follows: 


If ‘‘a’”’ is true, we require that ‘‘b” should be true; 
if ‘“‘a’”’ is false, no requirement is made. 


Two further remarks should be made regarding the conditional. First, 
in ordinary conversation, the sentence “if a then 6” would frequently 
indicate that there is a relation of cause and effect between the situations 
described in the sentences ‘‘a’”’ and ‘‘b.”’ This is not the sense in which the 
conditional is used in logic. The conditional ‘“‘a — b” can be formed with 
any two sentences “‘a’”’ and “‘b;” they do not have to be related in any way. 

Second, a conditional is a sentence and may therefore be either true or 
false. The mere stating of a conditional ‘‘a — b” does not mean that the 
sentence is true, and it certainly does not mean that either “a” or ‘‘b”’ 
individually is true. In this connection, it is important to notice that two 
different “languages” are being used in this text. Many of our theorems 
will be phrased in the form “if... , then... ;’” this phrasing will also occur 
in proofs of theorems, etc. In such places, the statement appears in our 
metalanguage, and we mean to indicate that the sentence is actually true. 
In other occurrences, a conditional may merely be presented for con- 
sideration or study, and no indication will be given as to whether it is true 
or false; in these places, the statement appears in our object language. 
Similar remarks apply to sentences in forms other than the conditional. 
The context will usually make clear which meaning is intended, but a special 
notation will be introduced in Section 1-4 for use in the metalanguage. 

Some examples will clarify the distinction between these two languages. 
In the metalanguage, we may write the sentence “2+ 3 = 5.” This 
sentence gives us some information about the numbers 2, 3, and 5. This 
same sentence would appear in our object language if we wrote “ ‘2 + 3 = 
5’ is a sentence about integers.”’ This latter sentence gives us no informa- 


FIGURE 2.4 
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FIGURE 2.5 


tion about the sum of 2 and 3; it tells us something about the sentence 
“2 +3 = 5.” A typical occurrence of a sentence in the object language 
would be as ‘‘The sentence ‘a’ is true.”’ This gives us the same information 
as ‘‘a’” in the metalanguage. 

The connective “if and only if”’ is applied to two sentences ‘‘a”’ and ‘‘b’’ 
to form the sentence ‘‘a if and only if b’’, called the biconditional of ‘‘a’”’ and 
“6” in symbols a+b or aiff b. Figure 2.5 shows its truth table. Re- 
marks similar to those made about the conditional apply to the bicondi- 
tional. The requirement for the truth of the biconditional “a< b’’ is 
as follows: 


Both of ‘‘a’”’ and ‘‘b’’ must be true or both 
must be false, but we don’t care which. 


The biconditional is a sentence and may be either true or false. The 
writing of “a < b” does not indicate that the sentence is true and certainly 
does not mean that either ‘a’ or ‘b’” individually is true. However, 
statements of the form “...iff...” will appear in our metalanguage 
(especially in definitions) and, in these occurences, we do mean to indicate 
that the statement is true. The context will usually make clear which 
meaning is intended, but a special notation will be introduced in Section 1-4 
for use in the metalanguage. The biconditional can be formed with any 
two sentences; no relation of cause and effect is indicated. 


Example 2.4 Let ‘‘a’” be the sentence ‘‘New York is a city in the United 
States of America’’, let “‘b’’ be the sentence ‘2-2 = 5’, and let ‘‘c’”’ be the 
sentence “sin r = —1”’. 


(a) “~a’’ has truth value 0. 
(b) ‘‘“~b” has truth value 1. 
(c) ‘a A 6” has truth value 0. 


1-2 SOME CONCEPTS OF INTUITIVE LOGIC 7 


(d) “a A a’ has truth value 1. 
(e) “a V b” has truth value 1. 
(f) ‘a—b” is a false sentence. 
(g) “c— a’ is a true sentence. 
(h) ‘b<>c’ is a true sentence. 


(i) “a—[b V ~ (c A a)” is a true sentence. 


Example 2.4(i) illustrates the use of parentheses of various types to 
indicate the order in which the connectives operate when several are in- 
volved in the same sentence. When the order of operation is immaterial, 
parentheses may be omitted. To further decrease the need for parentheses 
we follow the usual convention that the connective ‘‘~”’ binds more strongly 
than either “A” or “V”’, and each of these in turn binds more strongly 
than either ‘‘“—>”’ or ‘‘>”’. Example 2.5 illustrates this convention. 


Exampie 2.5 Let ‘‘a’’, “b’’, and ‘‘c’”’ be sentences. 
(a) ‘(~a) A b” may be written “~a A b.” 
(b) “[(~a) V b] ~c” may be written ““~a V b> ¢.”’ 
(c) “(a A 6b) V c” requires parentheses. 
(d) ‘a V (b V c)” may be written as ‘a V b V c.” 


(e) “a— (b<>c)” requires parentheses. 


PROBLEMS 


1. Which of the following are sentences? In each case try to tell why you 
think that the expression is or is not a sentence. What are the respec- 
tive truth values? 


(a) I am beautiful. 

(b) You are beautiful. 

(c) Let there be light. 

(d) The moon is made of green cheese. 


(e) There is intelligent life on Mars. 
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*(f) This sentence is false. 
*(g) This sentence is true. 
(h) Mathematics is easy. 
Gi) 4+4=2% 
Gj) ¢+4a+¢t+...=1. 
(k) How is Mary? 


(1) The digit 3 appears more than 50 times in the decimal expansion 
of x. 


(m) The digit 3 appears an infinite number of times in the decimal 
expansion of 7. | 


Let ‘‘a” be the sentence “3 > 5’’, let “‘b” be the sentence ‘3 + 2 = 5”, 
and let ‘‘c’’ be the sentence “3 + 5 = 2”. What is the truth value of 
each of the following sentences? 


(a) aNw~b. 

(b) ~ (aA b). 

(c) ~aAwb. 

(d) ~(@V DB). 

(e) aN b. 

(f) a—c. 

(g) bere. 

(h) a—(b—-c). 

(i) (@a—>b) -c. 

(j) c>~{la A 6a) V [( V b) > al}. 
(k) @VbVam(aA bac). 


. Suppose there are a particular square and a particular circle under con- 


sideration. Let ‘‘a’”’ be the sentence ‘The square is red or the circle is 
larger than the square.” Let ‘6b’ be the sentence “If the square is 
smaller than the circle then the circle is blue.”’ Let ‘‘c” be the sentence 
“The square is blue if and only if the square and circle are different 
colors.” For each of the following sentences find, if possible, several 
examples of squares and circles for which the sentence is true and 
several examples for which it is false. 
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(a) aA b. 
(b) aAc. 
(c) bAe. 
(d) a—b. 
(e) b—a. 


(f) asc. 


(g) b<ve. 

(h) aVbVe. 

(i) a (arc). 
(j) (@>a)oe. 
(k) (@A b) Ve. 
(l) aA (Veo). 


4. Let ‘‘a” be the sentence “George is richer than Harry”’, let ‘‘b’’ be the 
sentence ‘‘George is taller than Harry’, and let ‘“‘c’’ be the sentence 


“Harry is taller than George.”’ 


For each of the following sentences, 


what information are you given about Harry and George if you are told 
that the sentence has truth value 1? Express the information in a 


convenient form. 

(a) aV b. 

(b) aA b. 

(c) ~aVv b. 

(d) ~(@Vv DB). 

(e) bAc. 

f) ~bA~ce. 

(g) aA (a—b). 
(h) ~ad (a-—b). 


1-3 Variables and Functions 


(i) be. 

Gj) a (Vc). 
(k) BA (a— Db). 
(dl) ~bA (a—b). 
(m) aN bac. 

(n) aVbVe. 

(0) (@V b) Ac. 
(p) aV (Ac). 


In this section we review some of the concepts of elementary algebra and 
formulate the definitions in a way that will be convenient for use in our 


study of logic. 


DEFINITION 3.1 A variable is a symbol together with a set of objects, and 
it is understood that the symbol stands for any element of the set. The 
set is the range of the variable and each element of the set is a value of the 


variable. 


In describing a particular variable it frequently happens that only the 
symbol is mentioned, and it is left to the reader to gather, from context or 
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experience, what set is being used for the range of the variable. For 
example, if the expression “1/z”’ is under consideration one might speak of 
the variable x, or even of the real variable zx, and expect the reader to under- 
stand that the range of the variable is the set of all non-zero real numbers. 
Such inexact descriptions of variables do not seem to result in much con- 
fusion, but whenever a new variable is introduced it is worth-while to give 
some consideration to what set is being used as its range. 


Example 3.2 Each of the following is a variable. 
(a) The symbol is n; the range is the set of all positive integers. 


(b) The symbol is ; the range is the set of all chairs in the Radio 
City Music Hall in New York. 


(c) The symbol is 4; the range is {4}. A variable whose range contains 
only one element is called a constant. The constants are a particularly 
important type of variable. 


In our further work with sentences we shall need to discuss any one of 
a set of sentences; the concept of a variable enables us to do this con- 
veniently. <A sentential variable is a variable whose range is a set of sen- 
tences. To avoid exceptional cases in some of our later theorems, we 
require that the range of each sentential variable contain at least one true 
sentence and at least one false sentence; the range will usually be the set 
of all sentences. 

A single variable can be studied at considerable length using statistical 
methods but we shall be more interested in studying relationships among 
several variables. A particularly important relationship is given by the 
following definition. 


DEFINITION 3.3 A variable z is functionally related to the n variables 2, 22, 
..., %n iff there is a procedure which determines a unique value of z when- 
ever a value for each of 2, 22, ..., 2n is given. The variable z is the 
dependent variable and the variables 2, x2, ..., 2, are the zandependent 
variables. The n+ 1 variables x, 22, ..., 2n, 2, together with the pro- 
cedure which determines the values of z, constitute a function. 


Caution: Following common usage, we shall frequently say that the 
dependent variable is the function, or that z is a function of 2, Y2, ..., Zn. 


We write z = f(x, 22, ...,2n) to indicate that z is a function of the 
variables 21, Y2,...,2n and, if a), d2,...,@, are values for the variables 
21, L2,.-., 2%n respectively, we denote by f(a, a2,..., @n) the unique value 
of z which is determined when the independent variables are given these 
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values. We say that f(a, a@e,...,@n) is the value of z which corresponds 
to the values a), @2,..., Qn for 2, Ze, ..., Xn respectively. 

According to Definition 3.3, a function may be defined by describing a 
procedure which determines a unique value of the dependent variable for 
each possible set of values of the independent variables. There are three 
main methods for describing such a procedure which we shall use at various 
times. We may give an equation which expresses the value f(a, dz, ... , Qn) 
in terms of the values a, a2,...,@,; we may give a table which lists all 
possible sets of values of the independent variables and gives the corre- 
sponding value of the dependent variable in each case; we may give a set 
of rules by which a unique value of z may be determined when values for 
21, X2,..., %, are given. 

There are several other noteworthy features of Definition 3.3; they are 
mentioned here and illustrated in Examples 3.4-3.6. It is not necessary 
that a change in the values of the independent variables produce a change 
in the corresponding value of the dependent variable; in fact, it may even 
happen that all possible values for the x’s determine the same value of z. 
Moreover, there may be some elements in the range of z which do not 
correspond to any set of values of the independent variables. The only 
requirement is that for each possible set of values of the independent vari- 
ables, a unique value of the dependent variable should be determined. 

There is a special class of functions of one independent variable which 
is particularly important. A function z = f(z) 1s said to be a one-to-one 
correspondence between the ranges of x and 2z iff, in addition to the require- 
ments of Definition 3.3, every element in the range of z corresponds to 
exactly one element in the range of x. The concept of a one-to-one corre- 
spondence will be used in Section 3-3 to define isomorphism. 


Example 3.4 Let x and z be variables each having the set of all real numbers 
as itsrange. For each real number 7, set f(r) = 7*. This equation gives a 
procedure by which a value of z is determined whenever a value of x is 
given; thus z is a function of x. This procedure can be described more 
conveniently by the equation z = x?. We shall use this more convenient 
notation; some practice with it is supplied in the problems at the end of this 
section. The equation appears to be saying something about the variables 
x and z but the interpretation is that the indicated operations should be 
performed on each of the values of x and the result is the corresponding 
value of z. With this function a change in the value of x does not neces- 
sarily produce a change in the corresponding value of z since f(1) = f(—1). 
Thus, the function f is not a one-to-one correspondence. Not all values 
of z correspond to a value of x; for example, no value of x will produce the 
number —1 as the corresponding value of z. 
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FIGURE 3.1 


Example 3.5 Let x be a variable with range {1, 2, 3} and let z be a variable 
with range {0,1}. Figure 3.1 gives a procedure by which a value of z is 
determined whenever a value of zis given. (Merely read across the appro- 
priate row.) Thus zis a function of z. In this example, every value of x 
determines the same corresponding value of z. 


Example 3.6 Let x, y, and z be sentential variables each having the set of 
all sentences as its range. To make z a function of z and y (in symbols 
z = f(x, y)) we may prescribe the following set of rules. 


(1) If aisa true sentence, f(a,b) =a V b. 
(2) If ais a false sentence, f(a,b) =a b. 


A sentence-valued function is a function in which the dependent variable 
is a sentential variable; a sentential function is a function in which all the 
variables (both dependent and independent) are sentential variables 
Evidently every sentential function is a sentence-valued function but not 
conversely. For example, let z be a real variable, let z be a sentential vari- 
able, and set 

z = (z is an integer). 


(For each value “q”’ of xz, the corresponding value of z is the sentence 
“a is an integer.””) This defines z as a sentence-valued function of z, but 
it is not a sentential function. 


A sentential function is defined in Example 3.6. Each of our basic 
connectives also gives rise to a sentential function. In fact, each of the 
truth tables in Figs. 2.2—2.5 is really concerned with a sentential function 
and not with a particular sentence since different truth values are con- 
sidered. For example the table in Fig. 2.2 (for “a A 6’) deals with the 
function z = x A y; similarly for the other connectives. By successive use 
of the truth tables for the basic connectives, truth tables can be constructed 
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for more complicated functions which are defined in terms of these connec- 
tives. The procedure is illustrated in Example 3.7. 


Example 3.7 A truth table for the function 
z=zr—->l[yA(zVy)] 


is shown in Fig. 3.2. The two columns at the left list all of the possibilities 
for the pair of truth values of the sentences used as values of x and y. The 
numbers above the other columns give the order in which they were filled 
in. Columns 1, 2, and 3 were filled in using Figs. 2.3, 2.2, and 2.4 respec- 
tively. The final column, 3, gives the truth value of the sentence obtained 
as the corresponding value of z. 


PROBLEMS 


1. Let x, y, and z be variables each having the set of all real numbers as 
its range. In which of the following cases is z a function of x and y ? 


(a) z=2+y. a 23 i.e > 0. 
ieee, sil (sity>e 

en 2f2+y> 0. 
(c) z=ax-y. (h) z = lifz2+y=0. 
(d) z= 2/y. —3if2r?+y <0. 
(e) z=72. (i) z= (a+ y)'?. 

_ (zifz>0. 
(f) = fits co 


2. Let x be a variable whose range is the set of all chairs in the Radio City 
Music Hall and let z be a variable whose range is the set of all human 


3 Z 1 


FIGURE 3.2 
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beings. In each of the following cases, information is given about f(c) 
for each chair c in the range of x. In which cases is z a function of zx? 


(a) f(c) is the person sitting in c. 

(b) f(c) is the person sitting in c at noon on Jan. 1, 1963. 

(c) f(c) is the last person to sit in c prior to noon on Jan. 1, 1963. 
(d) f(c) is the first person to sit in c after noon on Jan. 1, 1968. 
(e) f(c) is the person sitting closest to c at noon on Jan. 1, 1963. 


John Jones, if c is an aisle seat. 


AO Mary Smith, if c is not an aisle seat. 
The President of the United States, if ¢ is in the first row. 
(2) flc) = The Vice President of the United States, if c is an aisle seat. 


The Mayor of New York City, if c is neither an aisle seat 
nor in the first row. 


. Let x, y, and z be sentential variables each having the set of all sentences 
as its range. In which of the following cases is z a function of x and y? 


(a) z=2zV y. 

(b) z = ~2. 

(Cc) z=2-—y. 
d)z=YAr~WV(~TAYV(~ZA~Y). 


ies x, if y is true. 
x y, if y is false. 


Oa x<> y, if x and y are both true. 
~ )y, if z and y are both false. 
ee xz V y, if not both of z and y are true. 
BF lev y, if not both of x and y are false. 
x A ~ 2a, if x and y are both true. 
(h) z = x V ~a@, if z is true and y is false. 


x — y, if x is false and y Is true. 
4 = 5, if x and y are both false. 


. Let each of x and y be a sentential variable whose range is the set of all 
sentences of the form “p-q = r” where p, g, and r are positive integers. 
We shall use “p,:q; = 72” for a value of z; similarly, “py-qy = Ty” 
denotes a value of y. Let z be a sentential variable whose range is the set 


{New York is a city in U.S.A., 2-2 = 5, sing = —1}. 
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In which of the following cases is z a sentential function of x and y? 


lt if x is true. 


Qe ed = —1, if x 1s false. 
a York is a city in U.S.A., if rz < ry. 
(b) 2={2-2=5,ifr,=r 
y 
snw = —1,ifr,> 7ry,. 
2:2 = 5, if pe < py. 
= ea = —l,ifq: < qy. 
(ane New York is a city in U.S.A., if pz dz = Dy Qy- 
2:2 = 5, if pede ~ PyQv- 
_ 42-2 = 5, if pegzrz = 2. 
ey? oe = —1,if peg. 1’: # 2. 
@) 2= New York is a city in U.S.A., if rz < ry. 
2-2 = 5, if rz > ry. 
New York is a city in U.S.A., if both z and y are true. 
(g) 2 =< 2-2 = 5, if one of z and y is true and the other is false. 


sin s = —1, if both of x and y are false. 


5. Let z and y be variables each having the set of all real numbers as its 
range. Let z be a sentential variable with the set of all sentences as its 
range. In which of the following cases is z a sentence-valued function 
of x and y? 


(a) For each pair of values a, b of x and y respectively, the correspond- 
ing value of zisa = b. Using the convention mentioned in Example 3.4, 
this function can be described by the somewhat confusing notation 


z=(¢4 = y). 
(b) z=a2>-y. (e) 2 = (x is a shaggy dog). 
(c) z=2r+y. (f) 2> 27 — y. 
(d) z = (zy is rational). 
#6. Make a truth table for each of the following sentential functions. 


(a) z=2—y. (d)z=zr2Ar~yror.z. 
(b)z=~2zVv y. (e) z=xt@Aryy. 
(c) z= ~wyrors.. *f) z=x1 Awe 23 A ~ 2s. 


7. Make a truth table for each of the following sentential functions. 


(a) 2=27e>y. (b) z= (@Ay)V(~tA~y). 
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(c) z=(t#Ay) Ve. (e) z 
(d)z=zA(yV~2). (f) z 


8. Why is it possible to make a truth table for some sentential functions 
and not for others? Give an example of a sentential function for which 
it is not possible to make a truth table. 


r—(yA~2). 


(xy) A~z. 


1-4 Related Sentential Functions: Truth Value Functions 


We have seen in Section 1-2 that merely writing a sentence such as 
“~aV ~ bb” gives us no information at all about the individual sentences 
“a” and “‘b.” If we are told that this sentence is true we still cannot draw 
any conclusion about the sentences “‘a” and ‘‘b” separately. However, the 
truth of this sentence does tell us something about the pair of sentences 
“a” and “b” taken together; it tells us that not both of them have truth 
value 1. Two sentences which do not both have truth value 1 are said to 
be inconsistent with each other. 

If two sentences “‘a’”’ and “‘b”’ are such that the sentence “a — 6” is true, 
we say that “a” implies “b’’ and write “a= 0b’. If “a<>b” is true, we 
say that ‘‘a”’ is equivalent to “b” and write ‘‘a< 6b’. Using truth values we 
extend this notation a little farther and indicate that a sentence “a” is true 
by writing “a1”; similarly, “a<=0” tells us that the sentence ‘a’ 
is false. 

It is important to understand clearly the differences between ‘‘a — b”’ 
and “a= 0b’. The first sentence, ‘a — b’’, is saying something about the 
things which are mentioned in the separate sentences ‘‘a” and “b’’. The 
statement it is making may be true, or it may be false. This sentence is 
one of the objects which are studied in logic; it belongs to our object lan- 
guage. On the other hand, ‘a= 6b” is saying something about the sen- 
tences ‘‘a”’ and “b”’ ; moreover, it tells us that the statement it makes is true. 
It is a piece of information; it is not one of the objects which we study; it 
belongs to our metalanguage. As mentioned in Section 1-3, we shall 
frequently use the notation “if...,then...”’, when talking about sen- 
tences, to indicate that the statement made is actually true; that is, in the 
sense of “implies”. In most cases the context will indicate whether we 
are concerned with an object for study or whether we are being given some 
information; in doubtful cases, we now have two different symbols and two 
different phrasings to distinguish between the two alternatives. Similar 
remarks apply to “a< b” and ‘a= 0b”. 

The concepts of inconsistency, implication, and equivalence become 
more fruitful when generalized to apply to sentence-valued functions. 
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Let u = f(%1, 22,..-.,%n) and v = g(x, X2,..., Zn) be two sentence-valued 
functions of the same independent variables. Any one of 
Uu—v, f(Z1, T2,..., En) > G9(t, 2,-.-,2n), fg 
is defined to be a sentence which states that, for each set of values 
i, Q2,..., 4, of the independent variables, the sentence 
S(Ai, G2, ... , An) 4 G(Gi, G2, ... , Gn) 


is true. Notice that ‘‘f—g’’ is a sentence — not necessarily a true sen- 
tence; the statement that it makes is not asserted to be true merely because 
we write it down. Similarly, any one of 


U <> DU, f(x, Lo, eae sta) <— g(x1, 22, se ae a) fog 
is a sentence (true or false) which states that 
f(a, oe An) = g(a, i Gn) 


is true for all sets of values a, a2, ..., @, of the independent variables. 


DEFINITION 4.1 Let wu = f(x, %2,...,2n) and v = g(m%, %2,..., Xn) be two 
sentence-valued functions of the same independent variables. The func- 
tions f and g are inconsistent with each other iff, for each set of values 
Qi, @2,..., a, of the independent variables, 


~ [f(qi, Ge, ..., An) A g(r, Ge, ..., On)| = 1. 
The function f implies the function g, in symbols 
Sf (a1, 22, ..- , Un) 3 G(21, T2,.--,%n) Or ferg iff (fog) ol. 
The function f is equivalent to g, in symbols 
S(t, Za, ..., Ln) G(T, T2,.-.,%n) or Jeg iff (fog) ol. 


According to Definition 4.1, two sentence-valued functions f and g are 
inconsistent iff it never happens (that is, not for any set of values of the 
independent variables) that both of the values of f and g have truth value 1; 
f implies g iff it never happens that the value of f is true while the value of g 
is false; f is equivalent to g iff it never happens that the values of f and g 
have different truth values. Thus, in any one of these cases, there 1s at 
least a tenuous connection between the values of f and g; the functions are 
are said to be related. We shall frequently be interested in the special case 
of sentential functions. 


Example 4.2 Suppose we have a sack which contains a number of red 
squares and a number of blue circles; let each of z and y be a variable whose 


18 SOME CONCEPTS OF INTUITIVE LOGIC 1-4 


range is the set of objects in the sack. We define three sentence-valued 
functions f, g, and h by setting 


f(x, y) = (x is red and y is blue). 
g(x, y) = (a and y have the same shape). 
h(z, y) = (x is red or y is blue). 


The functions f and g are inconsistent; f implies h and also g > h. 


Example 4.3 Let each of x and y be a sentential variable whose range is the 
set of all sentences. We define three sentential functions f, g, andh by 
setting 

{Zy)=~w~arvy. 

g(z,y) =x y. 

A(z, y) = rey. 


The functions f and g are equivalent and the function h implies each of them. 


In the definition of a sentential function there is no requirement that 
the truth value of the sentence obtained as a value of the dependent variable 
should be correlated in any way with the truth values of the sentences used 
as values for the independent variables. A particular correlation which is 
frequently desirable is taken, in the following definition, as the defining 
characteristic of a truth value function. 


DEFINITION 4.4 A truth value function is a sentential function f(2, 22, .. . , Zn) 
such that whenever ay, d2,..., @n and bi, be,..., 6, are in the respective 
ranges of 2, 22,..., Zn and a; = bi, dz => be, ... , Gn = Dy it follows that 


f(qi, d2,..., Gn) > f(di, be, ... , On). 


Example 4.5 Let x and y be the usual sentential variables and set 


_ (a, if z mentions communism. 
g(z, y) = ifzd ti 2 
y,, if x does not mention communism. 


xzVy, if x 1s true. 
x Ay, if x is false. 


The function f is a truth value function; g is not. 


Truth tables provide a convenient procedure for showing that two 
truth value functions are equivalent. For example, the truth table for the 
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truth value function z = f(z, y) would list all possible pairs of truth values 
of sentences in the ranges of x and y (there are 4 such pairs) and, for each 
of the possibilities, the truth value of the corresponding sentence obtained 
for z would be given. For a truth value function u = g(z, y) to be equiva- 
lent to f it is necessary and sufficient that, in each possible case, the truth 
values of the sentences obtained for z and u be the same. Thus it is neces- 
sary and sufficient that the final columns of the truth tables for the two 
functions be identical. 


Example 4.6 Let x and y be the usual sentential variables, then 


roynPr~zy y. 


Proof. Truth tables for x — y and for ~ x V y were found in Problems 6a, 
b, Section 1-3. (The student should make these truth tables if he has not 
already done so.) The equivalence is evident since the truth tables are 
identical. 


For many purposes a sentential function may be substituted for any 
equivalent one. That is, if two sentential functions are equivalent, it is 
immaterial which of the two is used. Under these circumstances, Example 
4.6 shows that the connective ‘“—” could be dispensed with since any 
sentential function involving ‘‘—’’ is equivalent to a sentential function in 
which ‘‘—” has been replaced by certain occurrences of ‘‘“~”’ and “V”’. 
Problem 5 shows that our other two connectives “A” and “<>” are sim- 
larly expendable. 


PROBLEMS 
1. In Problem 4 of Section 1-3 you should have found that z is a sentential 
function of x and y in cases (a), (b), (d), (e), (f), and (g). 
(a) Which of these functions are truth value functions? 
(b) Which pairs of these functions are inconsistent? 
(c) What implications are there between two of these functions? 
(d) What equivalences are there between two of these functions? 


2. Suppose that f(x, 22,..., %n) and g(y1, yo, ..-, Ym) are sentence-valued 
functions of (possibly) different independent variables. Try to think 
of some reasonable way of defining “f= g” and “fg”. [Hint: First 
consider the special case of f(x) and g(z, y).] 
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3. For the functions defined in Examples 4.2, 4.3, and 4.5, explain which 
are the dependent and which are the independent variables. 


4. Let each of x and z be a sentential variable whose range is the set 
{l+1=2,2+2=4,34+3 = 3}. 


(a) How many different functions can be defined in which z is a function 
of x? (Two functions f(z) and g(x) are equal iff, for every value a of z, 
f(a) and g(a) are the same object.) 


(b) How many of the functions in (a) are truth value functions? 


(c) From the functions in (a), find several examples of pairs of (1) in- 
consistent functions, (2) equivalent functions, (3) functions, one of 
which implies the other. 


5. Prove each of the following equivalences. The first three of these 
results show that, if a sentential function can be substituted for an 
equivalent one, then we could dispense with the three connectives “A”, 
>?) and 6g? 


(a) rANyewrw(~zVr~y). 
(b)reye(t@AyVwrary). 
(c) ro yenr2zv y. 

(dd) r>-yerAyeod. 

(ec) royerVyry. 


#6. Prove that the following truth value functions are all equivalent. (That 
is, every two of them are equivalent.) 


(a) z=2—y. 

(b) z= ~wyrorz. 
(c) z 
(d) z 


(e) z= 2 AN~yoecA~c. (Here c is a sentence.) 


rN~YyY-y. 


rN~yrownwid. 


7. In what circumstances would truth value functions be more useful than 
general sentential functions? 


1-5 Some Methods of Proof 


In mathematics, a theorem is a sentence which is true. <A proof of the 
theorem is a proof that the sentence really is true. If we want to prove 
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that a particular sentence is true it is evidently sufficient to prove that 
any equivalent sentence is true since, if one of two equivalent sentences is 
true, the other must also be true. Thus, if we have a sentence which we 
wish to prove is a theorem, it would be convenient to have several sentences 
which are equivalent to the given one in the hope that one of them would 
be easier to prove true. Many mathematical theorems are phrased in the 
form of an implication and we turn our attention to this case. Suppose 
the theorem is a= b. Since we are trying to prove the theorem, we cer- 
tainly do not know whether the sentence ‘‘a — b”’ is true or false; how 
could we find another sentence equivalent to this one without knowing its 
truth value? The equivalence of the two sentences must rest merely on 
the form in which they are written and not on the particular statement 
which is being made. Fortunately we are already acquainted with this 
situation. Problem 6 of Section 1-4 lists several equivalent truth value 
functions. Since these functions are equivalent we may choose any values 
for the independent variables and the sentences we obtain as the corre- 
sponding values of the dependent variables in the various functions will 
all be equivalent. Thus we find that, for any sentences a and b, the follow- 
ing sentences are all equivalent. 


(1) a—b. 

(2) ~b-> ~<a. 

(3) aA ~b—-b. 
(4)aAr~bo~ma. 

(6) aA~brocA~e. 


Thus we have a choice among 5 conditional statements. A proof that any 
one of them is true is a proof that all of them are true. We turn now toa 
short discussion of what is involved in a proof that a conditional statement 
is true. 

In order that our discussion should be applicable to any one of the 
statements 1-5 above, we consider the conditional ‘‘“p — q’’. Moreover, we 
consider in turn each of the possible truth values for ‘‘p’’. 


Case 1. The truth value of “‘p’”’ is 0. In this case ‘““p — q’”’ is true 
and we have nothing to prove. 


Case 2. The truth value of ‘“‘p’”’ is 1. In this case we must prove 
that ‘‘q’’ is true. 


Since in Case 1 there is nothing to prove, it is evident that it suffices to 
assume that ‘‘p”’ is true and prove that ‘gq’ is true. We shall not discuss 
the basis of validity of individual steps in a proof. Two examples are 
given below and further examples are supplied by proofs of later theorems. 
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Returning now to our choice among the 5 conditionals 1 through 5 listed 
above, a proof based on the form “a — b”’ (i.e. a proof which assumes that 
‘‘qa”’ is true and proves that “‘b”’ is true) is called a direct proof of the theorem 
‘“a=>b”. <A proof based on any of the other forms is called an indirect 
proof of the theorem ‘“‘a= 6’. Various special names are sometimes used 
to refer to proofs based on a particular one of the forms 2, 3, 4, 5. 


Example 5.1 Give a direct proof of the following theorem:t If n is an odd 
integer then n? is an odd integer. 


Proof. We assume that n is an odd integer. Then n — 1 is an even integer 
so that n — 1 = 2k, and 


n= 2k-+1 where k is an integer. 
But then 
n= (2k + 1)? = 4h + 44 +1 = 2(2k? + 2k) +1 


so that n? is an odd integer. ll 


Example 5.2 Give an indirect proof of the following theorem: If the 
square of an integer is even then the integer is even. 


Proof. We base the proof on form 2 above. Hence we assume that the 
integer is not even and we must prove that its square is not even; but this 
was proved in Example 5.1. &l 


So far we have considered only methods for proving a theorem stated 
as an implication. There is another important method of proof which is 
applicable to a certain type of mathematical theorem. It is the method 
of mathematical induction; we shall assume some acquaintance with this 
method but shall describe the type of theorem to which it is applicable and 
shall briefly review the procedure for its use and the basis for its validity. 

First a word of caution. Mathematical induction must not be con- 
fused with the process of “inductive reasoning” which is employed in the 
sciences. This latter process consists of examining many special cases of 
a certain type of event and then formulating sentences which it is hoped 
will be true in all cases of this type of event. The method has been exceed- 
ingly fruitful in scientific investigations, but it does not purport to be a 
rigorous proof. On the other hand, mathematical induction has an axio- 
matic basis and is a process for giving a rigorous proof for a certain type 
of theorem. 


tT This is the usual terminology; a more accurate phrasing would be: Give a direct proof 
that the following sentence is a theorem. 


1-5 SOME CONCEPTS OF INTUITIVE LOGIC 23 


The type of theorem to which mathematical induction is applicable can 
be described as follows. Let n be a variable whose range is the set 


N = {1, 2,3,...} 
of all natural numbers (positive integers), and let f(n) be a sentence-valued 


function of the independent variable n. The theorems in which we are 
interested are of the form 


For every element n of N, ‘“f(n)’’ is true. 


That is, the theorem states that every one of a certain infinite collection 
of sentences is true. Moreover, these sentences are labelled by the positive 
integers. 
The procedure in proving the theorem 
For every element n of N, ‘‘f(n)”’ is true 


by mathematical induction consists of two parts. Part 1 is to prove that 
the particular sentence ‘‘f(1)” is true. Part 2 is to prove f(n) > f(n + 1); 
i.e. prove that for every element n of N, the sentence “f(n) > f(n + 1)” 
is true. Before discussing why this two-part procedure is accepted as a 
proof of the theorem, we shall give an example. 


Example 5.3 Prove that for every positive integer n 


1+243+...tn=F%. 


Proof. Part 1. In this example, the particular sentence f(1) is 1 = +;2, 
and this is well known to be true. 


Part 2. In this example, the sentence f(7) 1s 


1$243+...tn="F9 


and the sentence f(n + 1) is 
(n + 1)(n + 2) 


14+24+3+...¢n4+(n+]1) = . 


We must prove that the sentence f(n) implies the sentence f(n + 1) and 
the proof which we give must be valid for every positive integral value of n. 
We shall give a direct proof and we therefore assume “‘f(n)’’ is true; that is, 
we assume 

n(n + 1). 


De Se SE oa Se . 
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But, by adding n + 1 to each member of this equation, we find 


eo tty) _ aa De +?) 


and this equation shows that “f(n + 1)” is true. ff 


14+24+34...¢74+(n41) = 


The basis for the validity of a proof by mathematical induction lies in 
the axiom system describing the set N of natural numbers. We mention 
here only one of the axioms of this system; for a fuller discussion of the 
system see Ref. 11 or 18. The “axiom of induction” is an implication of 
the form (a A 6b Ac)=d. In detail: 


(0) Sisasubset of N, and 
(1) The number 1 is an element of S, and 


(2) If a number 7n is an element of S then n + 1 is also an element 
of S 


imply 
S = N. 


To see the connection between this axiom and a proof of the theorem 
For every element nof N, ‘‘f(n)’ 1s true 


by mathematical induction, we let S be the subset of N composed of all 
the natural numbers n for which ‘“‘f(n)” is true. Then the sentence 0 in 
the axiom is certainly true. Moreover, parts 1 and 2 of a proof by mathe- 
matical induction show, respectively, that the sentences 1 and 2 in the 
axiom are true. But then the axiom itself assures us that S = N, which 
proves the theorem. 


PROBLEMS 


Directions for Problems 1-10: Each of these problems gives an elementary 
theorem which is stated in the form of an implication. (Remember, 
‘af..., then...” ina theorem has the force of ‘‘implies’”’.) Prove each of 
these theorems and discuss your proof. Is it direct or indirect? If in- 
direct, is it based on one of the conditionals 2 through 5 listed on p. 21 of 
the text? Which one? 


1. If two triangles ABC and A’B’C" have the three sides of one respec- 
tively equal to the three sides of the other, then the triangles are 
congruent. 


1-5 


N DA On »& W ND 


00 
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. Ifz = 2 then x? — 54 + 6 = 0. 

. If x? — 54 + 6 = O, then z ¥ 5. 

. If 2? — 54+ 6 =0, thenz < 5. 

. If AC = BC in the triangle ABC, then angle A equals angle B. 
. If angle A equals angle B in the triangle ABC, then AC = BC. 


. If two lines are cut by a transversal and a pair of alternate interior 


angles are equal, then the lines are parallel. 


. Ifiz> 5dthen 2 — 52+ 6 #0. 


9%. Ify =z? andl <y <4, thenz < 2. 


10. 


11. 


If AB and CD are two distinct lines in a plane and each of these lines 
is perpendicular to a given line in that plane, then AB and CD are 
parallel. 


Review the proofs of several theorems you know. Try to find a proof 
which is different from any of the types discussed in the text. 


*12. Look up a proof that 1/2 is irrational and discuss the proof. [A more 


13. 


14. 


general result is given in The American Mathematical Monthly, vol. 67 
(1960) pp. 576-78. ] 
Use mathematical induction to prove each of the following theorems. 
(a) For every element n of N 
1 2 
eee ee ae es er Coe = re 
(b) For every element n of N, 2" > n. 


(c) For every element n of N, if 2, r2,..., 2, are n distinct real num- 
bers, then one of these numbers is the largest of them. 


(d) If nis any integer larger than 3, then 2" < n! Discuss the changes 
required in parts 1 and 2 of the proof because we are not considering 
all the natural numbers. What is the basis for the validity of the proof? 


(e) If nis an integer larger than 1 then the maximum number of points 
of intersection of n lines in a plane is 4n(n — 1). 


Criticize the following ‘proof’ by mathematical induction of the 
“theorem”: For every element n of N, if Ai, Ao, ..., An are n objects, 
then they are identical. (The notation of this section is used.) 


Part 1. We must prove that any one object is the same as itself, and 


this is evidently true. 
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Part 2. We give a direct proof of the implication ‘“‘f(n) = f(n + 1)”. 
We therefore assume as true 


f(n): If Ay, Ae,..., An are any n objects, then they are identical 
and we must prove that 


f(n +1): If Ai, As,..., An, Angi are any n + 1 objects, 
then they are identical 


is true. If we omit the object A, we obtain n objects Aj, A2,..., An 
which are all identical by f(n) (which is assumed to be true). Now if we 
omit A,, we also obtain n objects Ao, A3,..., Anyi which are all identical 
by f(n) (since it applies to any n objects). But these two collections, each 
of n identical objects, overlap (for example Az: is in both collections). 
Therefore all n + 1 objects are identical. 


BOOLEAN FUNCTIONS 


2-1 Introduction 


2-2 


Section 2-2 gives the definitions of Boolean constants, 
variables, and functions. Two tabular methods are pre- 
sented for describing Boolean functions. Equivalence 
relations are defined in Section 2-3 and the connection 
between equivalence relations and decompositions is dis- 
cussed. Section 2-4 uses the results of Sections 2-2 and 
2-3 to establish a correspondence between truth value 
functions and Boolean functions. 


Basic Definitions; Use of Tables 


We have seen in Section 1-3 (Example 3.2) that a con- 
tant is a symbol which stands for one particular object. 
It is remarkable that an algebraic structure of consid- 
erable complexity can be built up using only two dis- 
tinguishable objects. Moreover, this algebraic structure 
has wide applications in logic and in both pure and applied 
mathematics. The three definitions below define the 
basic concepts. 
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DEFINITION 2.1 A Boolean constant is one of the numbers 0 or 1. 


It would be equally as acceptable to use any two different objects 
instead of the numbers 0 and 1. The particular choice we have made 
will be convenient because some (but unfortunately not all) of the manipu- 
lations we shall perform with Boolean constants will be naturally suggested 
by familiar properties of these numbers. We shall use a, 8, y, a1, etc. as 
Boolean constants. 


DEFINITION 2.2 A Boolean variable is a variable whose range is the set 
{0, 1} of Boolean constants. 


We shall use &, n, ¢, &, etc. for Boolean variables. 


DEFINITION 2.3 A Boolean function is a function whose variables (both 
dependent and independent) are Boolean variables. 


We shall use $(&1, &,..., &n), W(&, 7), A, etc. for Boolean functions. 


Example 2.4 Each of the following equations defines a Boolean function. 
We are using the convention, explained in Example 3.4 of Section 1-3, of 
writing an expression involving variables to mean that the operations 
indicated in the expression should be performed with each of the values 
of the variables. The operations are the ordinary arithmetic ones of addi- 
tion, multiplication, etc. The reader should prove that a Boolean func- 
tion is defined in each case. 


(a) o(&, 1) = én. 

(b) @(&, &,..., &.) = max{&, &,..., En}. 
(c) W(&, £,..., &,) = min{&, f,..., En}. 
(d) AG,9) =€&+9—- &n. 

(e) O(f1, f,..., 6) = 1. 

(f) W(oi, bo, ...,&) = 0. 


The use of equations to define Boolean functions, as in Example 2.4, 
has some disadvantages since it may be quite difficult to show that when- 
ever each of the independent variables is assigned one of the values 0 or 1 
the corresponding value of the dependent variable is sure to be either 0 
or 1. Thus it may be hard to tell whether or not a particular expression 
is a satisfactory one to use in an equation defining a Boolean function. 


FIGURE 2.1 


The use of a table to define a Boolean function avoids the difficulty 
mentioned above since it is very easy to inspect a particular table and 
tell whether or not it represents a Boolean function. Moreover, if only 
a few independent variables are involved, the tabular representation is 
concise and presents the relevant information in an easily accessible form. 
We shall usually limit ourselves to two or three independent variables in 
our examples. The tabular description of a general function was illus- 
trated in Section 1-3 (Example 3.5); Example 2.5 below presents the nota- 
tional conventions we shall use in connection with tabular descriptions of 
Boolean functions. 


Example 2.5 A Boolean function @¢ of three independent variables &, és, 
£; is described in tabular form in Fig. 2.1. The first three columns in this 
table list all possible sets of values for the three independent variables; 
the last column gives the corresponding values of the dependent variable. 
We shall always list the sets of values of the independent variables in the 
same order so the columns dealing with the independent variables will be 
exactly the same for any functions of those variables. The only differences 
between the tables for two different functions of the same independent 
variables will be in the last column giving the values of the dependent 
variable. 


A format different from that illustrated in Example 2.5 is sometimes 
more convenient for the tabular description of a Boolean function. This 
alternate format is described in Examples 2.6 and 2.7. 
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FIGURE 2.2 


Example 2.6 A table for a Boolean function of two independent variables 
~ and 7 is shown in Fig. 2.2. The values of é are listed in the left hand 
column and those of 7 are listed in the top row of the table outside the 
guide lines. The entries in the body of the table give the values of the 
dependent variable corresponding to the 4 possible pairs of values for 
é and 7». 


FIGURE 2.3 


Example 2.7 A table for a Boolean function of three independent variables 
is shown in Fig. 2.3. In fact, this table describes the function ¢ of Example 
2.5. The values of the independent variables are again listed around the 
edges of the table outside the guide lines; values for £ are shown at the 
left, those for & at the top, and for é at the bottom. The entries in the 
body of the table give the values of the dependent variable corresponding 
to the different possible sets of values of the independent variables. The 
student should check that all the possible sets of values of the independent 
variables actually are represented in the table. 


The proof of the following theorem shows how the format for the 
tabular representation of a Boolean function can be of help in obtaining 
general results on such functions. 
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FIGURE 2.4 


THEOREM 2.8 There are 2°”) different Boolean functions of n independent 
variables. 


Proof. Figure 2.4 shows one of the standard formats for describing a 
Boolean function ¢ of the n variables &, %,...,&:. Two functions will 
be different if and only if the last columns in the tables for the two func- 
tions differ in at least one place. Thus the number of different functions 
is the number of different ways of filling in the last column. 

First we find how many rows there are in the table. Since each of 
the n independent variables has 2 possible values and these are to be 
assigned in all possible ways, there are 2” different sets of values for these 
variables and the table must have 2” rows in order to list all of them. 

Each position in the last column can be filled in 2 ways, by a “0” or 
by a “1”. Thus, since there are 2” rows, there are 2°” ways of filling in 
the last column, and this is the number of Boolean functions of n inde- 
pendent variables. ff 


PROBLEMS 


1. Can a table similar to the ones in Figs. 2.2 and 2.3 be used for a Boolean 
function of 4 independent variables? What about 5 independent 
variables? mn independent variables? 


2. Make tables for the Boolean functions in Example 2.4. Which of the 
two tabular formats is most convenient? | 


3. (a) Find an equation which defines the Boolean function of Example 2.6. 
*(b) Find an equation which defines the Boolean function of Example 2.7. 


4. Check the result of Theorem 2.8 by writing tables for all the Boolean 
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functions of 1 or 2 independent variables. Write the format for tables 
describing Boolean functions of 3 and 4 independent variables and check 
that these tables have the correct number of rows as given in the proof 
of Theorem 2.8. 


5. Which of the following equations define Boolean functions? 
(a) flé,n) =&+7. 
(b) f(é, 0) = &/n. 
(c) f(é,n) = &. 
(d) fin =E+n+6 — & — ne. 
(e) fé1 6) =E+tats — & — nf — &. 
6. For each of the conditions listed below, find the number of Boolean 
functions of n independent variables such that the final column in the 


table for the function (the column giving the values of the dependent 
variable) satisfies the condition. 


(a) There is a 1 in the first row. 

(b) All the entries are the same. 

(c) No two successive entries are the same. 
(d) There is exactly one 1. 


*(e) There are more ones than zeros. 


2-3 Equivalence Relations 


In this section we present the particularly important algebraic concept of 
an equivalence relation which we shall need in the next section to continue 
our study of Boolean functions. An equivalence relation, as the name 
implies, is characterized by abstracting the most useful properties of 
“equals”. But first we must define a relation. 


DEFINITION 3.1 A binary relation defined on a set S is a sentence-valued 
function of two independent variables each of which has S as its range. 


We shall frequently refer to a binary relation simply as a relation. It 
would be possible to consider ternary relations as sentence-valued func- 
tions of three independent variables, etc., but we shall not have occasion 
to do so. 

The notation used in connection with relations is somewhat different 
from that described in Section 1-3 in connection with general functions. 
We shall use the letter “R” to denote a relation (much as “‘f” has been 
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used to denote a function) and shall use ‘a Rb” instead of ‘R(a, b)” to 
denote the sentence which is the value of R when the independent variables 
have the values a and b respectively. 


Example 3.2 (a) Let S be the set of all real numbers. For each pair of 
real numbers 7 and s, each of “‘r = s” and “r < s’” is a sentence. Thus 
each of ‘=’ and ‘‘<” is a sentence-valued function of two independent 
variables each having S as its range; that is, each of “=” and “<” is a 
binary relation defined on the set of all real numbers. 


(b) Let S be the set of all residents of the United States. ‘Weighs 
more than” is a relation on S since, for each pair a, b, of residents of the 
United States, ‘a weighs more than b’’ is a sentence. 


We are already acquainted with two relations defined on the set S 
of all sentence-valued functions with given independent variables. We 
have seen in Section 1-4 that if f and g are two such functions then each 
of ‘ff —g’’ and “f<>qg’ isa sentence. Thus, “—’ and “<>” are relations 
defined on S. These relations will be of considerable interest to us. We 
have already agreed to signify that the sentence “f — g”’ is true by writing 
“f= g’’. Similarly, ‘“f<=g’’ means that the sentence “f<>g’’ is true. 
For an arbitrary relation R, we say that a is related to b (or R-related to b) 
in case the sentence “a R b”’ is true. 


DEFINITION 3.3 An equivalence relation on a set S is a relation R defined 
on S and such that, for all elements a, }, c of S, 


(1) ais R-related to a, and 
(2) aR bimpliesb Ra, and 
(3) aRbandbRcimply ake. 


The relation ““=” on the set of all real numbers is an equivalence 
relation, as is also the relation ‘“<>”’ on the set of all sentence-valued func- 
tions with given independent variables. The relation ‘“<”’’ on the set of 
all real numbers is not an equivalence relation; neither is the relation 
“+” on the set of sentence-valued functions with given independent 
variables. 

Each of the three conditions in Definition 3.3 has proved to be sepa- 
rately interesting and special names have been given to relations satisfying 
them individually. A relation is said to be reflexive, symmetric, or transi- 
tive, respectively, iff it satisfies condition 1, 2, or 3 of Definition 3.3. Thus 
an equivalence relation is a relation which is reflexive, symmetric, and 
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transitive. The relation ‘“‘<’’ on the real numbers is transitive, but neither 
reflexive nor symmetric. 

Thinking of an equivalence relation FR on a set S as a generalization of 
equality, we might hope to be able to divide S into subsets so that all of 
the elements of any one of the subsets are “the same as far as R is con- 
cerned”. We would want the subsets to be disjoint; that is, the inter- 
section of two different subsets should be empty. The next definition 
and theorem show that this is indeed possible. 


DEFINITION 3.4 A decomposition of a set S is a collection of disjoint sub- 
sets of S whose union is S. 


For example, if S is an ordinary zy-plane, the collection of all lines with 
zero slope is a decomposition of S. The collection containing the origin 
and all circles (circumferences) with center at the origin is also a decompo- 
sition of S, but the collection containing both the lines and the circles is 
not a-decomposition since the subsets fail to be disjoint. 


THEOREM 3.5 If & is an equivalence relation defined on a set S then there 
is a unique decomposition of S into non-empty subsets such that, for any 
elements a, b of S, 


ak b<a and b are in the same set of the decomposition. 


RemMaRK. The sets of the decomposition are called equivalence classes or 
R-equivalence classes. 


Proof. It is easy to see that there cannot be two different decompositions 
satisfying the condition of the theorem. In fact, if two decompositions of 
S are different there are two elements a, b of S which lie in the same set 
of one of the decompositions and not in the other. But then both of the 
decompositions cannot satisfy the condition of the theorem since “a & b”’ 
is elther definitely true or definitely false, whereas the sentence 


a and b are in the same set of the decomposition 


is true with respect to one of the decompositions and false with respect to 
the other. Thus, if there is a satisfactory decomposition it is unique. 

To prove the existence of a satisfactory decomposition, for each element 
a of S denote by S, the set of all elements b of S which are R-related to a; 
that is, S, is the set of all elements b such that “a R 6” is true. We show 
that the collection D of all the sets S, is a decomposition of S into non- 
empty sets. Certainly each of the sets S, is a subset of S. Since F# is 
reflexive, a is an element of S,; this shows that each of the sets S, is non- 
empty and also that the union of all of them is S. To show that these 
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sets are disjoint, we assume that S, and S, are different but the element 
c is in both of them, and we derive a contradiction. Since S, is different 
from S,, one of these sets contains an element not in the other; say d is in 
S, but not in Sy. Thus aRd@1 and bRd=O. Since c is in both 
S, and S;, both “a Rc” and “b Rc’ are true.. The symmetric and transi- 
tive properties of R show b R a = 1, and another application of the transi- 
tivity gives bRd<=1. This contradiction completes the proof that D 
is a decomposition of S into non-empty sets. ) 

We have left, to prove that D satisfies the condition of the theorem. 
If “a Rb” is true, then certainly a and b are in the same set of D since 
both are in S,. If both a and b are in the same set of YD, say both are in 
S., then “c Ra” and “c Rb” are both true. But then the symmetric and 
transitive properties of R show that “a Rb’ is true. fl 


Theorem 3.5 shows that an equivalence relation on a set S gives rise 
to a decomposition of S. The following theorem shows that a decomposi- 
tion also gives rise to an equivalence relation. Thus, these two concepts 
can be used interchangeably. Intuitively, an equivalence relation is con- 
cerned with a certain aspect or property of objects. Two objects are 
equivalent iff this particular aspect of the objects is the same, or iff their 
enjoyment of the special property is the same. An equivalence class is 
composed of all of the objects which are equivalent to each other. 


THEOREM 3.6 If S is a set and YD is a decomposition of S into non-empty 
subsets, then there is a unique equivalence relation R defined on S such 
that, for all elements a, 6b of S 


aRb=aand bare in the same set of D. 


Proof. Problem 3. & 


Example 3.7 (a) Let S be the set composed of all the stones in a certain 
pile and let # be the relation “weighs the same as” defined on S. Then 
R is an equivalence relation and the equivalence classes are the subsets 
of S containing all the stones of a particular weight. If our interest in 
the stones is to use them as weights on a balance scale, then all the stones 
in any one of the equivalence classes are exactly the same as far as our 
purposes are concerned. For some other purposes, for example, to use 
as a setting in a ring, the stones in one of the R-equivalence classes might 
vary widely in their desirability. 


(b) Let S be the collection of all dimes and suppose Smith and Jones are 
two particular students. Form a decomposition of S into three equiva- 
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lence classes by putting all the dimes in Smith’s pocket in one equivalence 
class, all the dimes in Jones’ pocket in a second, and all other dimes in a 
third. Then any two dimes in the same equivalence class are the same 
with respect to immediate availability for spending by Smith and Jones. 


PROBLEMS 


1. Which of the following are relations? Which are equivalence relations? 


(a) “<>” on the set of all sentences; on the set of all sentence-valued 
functions with given independent variables. What about sentential 
functions or truth value functions? 


(b) ‘‘=>” on the set of all sentences, etc. 
(c) “Has the same initials as” on the set of all students. 


(d) “Is within 1 inch of being the same height as’ on the set of all 
students. 


(e) “Can beat up on” on the set of all children in Chicago. 
(f) ‘‘Is the father of” on the set of all human beings. 

(g) ‘‘Has been married to” on the set of all human beings. 
(h) ‘‘Is married to” on the set of all human beings. 

(i) ‘Can be depended upon” on the set of all policemen. 
(j) “Is congruent to” on the set of all triangles. 


2. (a) Find an example of a relation which is reflexive and symmetric 
but not transitive. 


(b) Find an example of a relation which is transitive and reflexive, but 
not symmetric. 


*(c) Find an example of a relation which is symmetric and transitive, 
but not reflexive. 


3. (a) Prove Theorem 3.6. 


(b) Discuss the logical structure of the proof given in the text for 
Theorem 3.5. 


4. What are the equivalence classes of the equivalence relation ‘‘<>’’ on 
the set of all sentences? On the set of all truth value functions with 
Z1, L2,..-, Zn aS independent variables? 


5. Let R be an equivalence relation on a set S and let D be the decompo- 
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sition of S onto R-equivalence classes. According to Theorem 3.6, the 
decomposition D gives rise to an equivalence relation on S; prove that 
this equivalence relation is R. 


6. Let D be a decomposition of a set S and let R be the unique equivalence 
relation on S which is connected with D as in Theorem 3.6. Accord- 
ing to Theorem 3.5, the equivalence relation FR gives rise to a decompo- 
sition of S; prove that this decomposition is QD. 


7. Find several examples of equivalence relations which are familiar from 
every-day experience. Also find several examples of familiar decompo- 
sitions of a set into equivalence classes. [Hint: These familiar situa- 
tions may not have been previously looked at from this standpoint. | 


#8. Let x and y be variables with ranges S and T respectively and such 
that y is a function of xz; y = f(x). Define “a R b” to mean f(a) = f(b) 
and prove that R& is an equivalence relation on S. 


2-4 Correspondence between Truth Value Functions and Boolean Functions 


In this section we present 4 connection between truth value functions 
and Boolean functions which will enable us to formulate many theorems 
of logic in terms of Boolean functions. The concept of an equivalence 
relation will be fundamental in our presentation. 

Truth value functions and truth tables were mentioned briefly in 
Section 1-4; we shall need to take a closer look at them. Recall that a 
truth value function is a sentential function such that if two sets of values 
for the independent variables are composed of sentences which are respec- 
tively equivalent, then the two corresponding values of the dependent 
variable are equivalent sentences. This property is exactly what is 
required of a sentential function f in order that it have a truth table. 

In fact, suppose the condition is satisfied, that is, suppose that f is a 
truth value function; then the truth values of the sentences which are 
substituted for the independent variables completely determine the truth 
value of the corresponding sentence obtained for the dependent variable. 
Thus, for each set a1, a2,..., a, of n Boolean constants, there is a Boolean 
constant 6 such that, whenever the sentences chosen as values for the 
respective independent variables have truth values aq, a2,...,@n, the 
truth value of the corresponding sentence obtained for the dependent 
variable is 8. Thus f has a truth table because such a table would list all 
the sets of n Boolean constants aj, a2,..., a, and give, for each set, the 
corresponding Boolean constant 8. 

Conversely, let f be a sentential function which is not a truth value 
function. Then there is a set a, o2,...,a@, of n Boolean constants and 
there are two different sets of n sentences, each having a, a2,..., Gn a8 
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their respective truth values, but such that the two sentences determined 
as the corresponding values of the dependent variable have different truth 
values. Thus there is no truth table for the function f because there isn’t a 
unique Boolean constant to correspond to the set a, a2,..., Qn. 

It is evident that the truth table for a given truth value function is 
unique; this uniqueness is used in the following theorem to establish a 
correspondence between truth value functions and Boolean functions. We 
use a; etc. for sentences and 2, etc. for sentential variables. 


THEOREM 4.1 To each truth value function f(2, r2,...,2,) there corre- 
sponds a unique Boolean function $(&, &,..., &) such that 


[(a1 > ay) A (2% a2) A... A (Qn an)] 


=([f(a, Go, ..s,5 An) a (a1, ea, - 22 y Qn)]. 


Proof. The truth value function f has a unique truth table and this table 
itself determines a Boolean function ¢ with the desired property. More- 
over, any Boolean function satisfying the condition of the theorem must 
have, for its table, the truth table of the function f. Thus the Boolean 
function ¢ is uniquely determined by f. ll 


Let u and v be variables whose ranges are respectively the set J, of all 
truth value functions with n independent variables and the set &, of all 
Boolean functions with n independent variables. According to Theorem 
4.1, v is a function of u, say v = F(u). But now by Problem 8, Section 
2-3, we obtain an equivalence relation R on J, by defining “f Rg’ to 


FIGURE 4.1 
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mean F(f) = F(g). This equivalence relation FR is just the relation ‘<>”’ 
with which we are already acquainted (Problem 5). Thus the R-equiva- 
lence classes are the sets of equivalent truth value functions of n independ- 
ent variables. Two truth value functions in the same equivalence class 
correspond to the same Boolean function, but truth value functions in 
different equivalence classes correspond to different Boolean functions. 
A Boolean function may be thought of as representing an entire equiva- 
lence class of truth value functions (see Problem 4) and this is exactly 
what is needed in situations where equivalent truth value functions may 
be substituted for each other. 

The correspondence set up by the function F will again prove to be 
convenient in the next chapter when we discuss implications. Figure 4.1 
shows the principal features of this correspondence. The Boolean func- 
tion which is identically equal to 1 is particularly important in this corre- 
spondence; a truth value function which corresponds to this Boolean 
function is called a tautology. We shall sometimes write ‘‘f< 1” instead 
of the sentence: “f is a tautology.”’ Similarly, “f<0” may be used 
instead of :‘“The Boolean function which corresponds to f is identically zero.” 
[Caution: “f< 1” 1s a sentence, but not necessarily a true sentence.] 


Example 4.2 (a) The truth value function z A y has the truth table shown 
in Fig. 2.2, Section 1-2, and this table describes the Boolean function 
£-7 which therefore corresponds to x A y. 


(b) The truth table for the truth value function x V ~ z shows that 
its corresponding Boolean function is identically 1. Thus, x V ~7z is 
a tautology. 


PROBLEMS 


1. For each of the following truth value functions, find the Boolean 
function which corresponds to it. 


(a) ~ 2. 

(b) z V y. 
(c) cA y. 
(d) ry. 
(e) roy. 


2. For each of the truth value functions of Problem 4, Section 1-3, find 
the Boolean function which corresponds to it. 


*4. 
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. For each of the Boolean functions in Example 2.4, find a truth value 


function to which it corresponds. Is the truth value function unique 
in each case? 


For every Boolean function, is there a truth value function to which 
it corresponds? 


. For the equivalence relation RF defined just after the proof of Theorem 


4.1, prove that fRgaefog. 


. Find three tautologies. 


ORDERED SETS 


3. 


Introduction 


Ordering relations are defined in Section 3-2 and a 
graphical representation of finite ordered sets is explained. 
In Section 3-3 an isomorphism between two general 
algebraic systems is defined and the definition is special- 
ized to apply to ordered sets. In Section 3-4 an ordering 
relation is introduced in a natural way into the set &, of 
all Boolean functions of n independent variables and in 
Section 3-5 this ordering relation is shown to be con- 
venient for expressing certain results in logic. 


3-2 Basic Definition; Graphical Representation 


The concept of a relation was defined in Section 2-3 and 
the special case of an equivalence relation was discussed 
in some detail. In this section we shall be interested in 
another special type of relation. 


DEFINITION 2.1 An ordering relation is a relation R defined 
on a set S such that for all elements a, b, c of S, 


(1) aRasl. 
(2) (@Rb) A bRa)>a= b. 
(3) @QRkRb) A (bRe) ake. 
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It is instructive to compare these three conditions with those which 
characterize an equivalence relation. Conditions 1 and 3 are the familiar 
reflexive and transitive properties. Condition 2 almost contradicts the 
symmetry property; it says that if “a Rb” is true, and “a” and ‘b” are 
different, then “b Ra” is false. A relation satisfying Condition 2 is said 
to be antisymmetric. A word of caution should be added. There are 
several slight variations of our definition of an ordering relation which 
areincommon use. The student is advised to check carefully to see exactly 
what definition is being used whenever the term “ordering” is introduced. 


DEFINITION 2.2 An ordered set is a set S together with an ordering relation 
RonsS. We say that S is ordered by the relation R. 


Example 2.3 Each of the following examples is an ordered set. 


(a) S is the set of all real numbers; for each pair a, b of real numbers, 
aRbsa<b. 


(b) S is the set of all positive integers; for each pair a, b of real numbers 
“a Rb” is defined as “‘a is a divisor of b’’. 


(c) S is a collection of sets; for each pair A, B of sets in the collection 
S, “A RB” is defined as ‘A is a subset of B’’, in symbols, A C B. 
This relation is called the relation of inclusion. 


Further examples will be found in the problems. The ordered set of 
Example 2.3a is a particularly important one; it serves as a prototype of 
all ordered sets in the sense that an ordering relation is defined by abstract- 
ing the most useful properties of ‘‘<’’ just as an equivalence relation was 
defined by abstracting the properties of ‘‘=’’. For this reason, the symbol 
‘‘<”’ is frequently used to denote any ordering relation, and we shall follow 
this custom when convenient. Thus, when we denote a relation by the 
symbol ‘‘<’’, it is to be assumed that the relation is reflexive, antisym- 
metric, and transitive. 

The ordered set of Example 2.3c will also be important in our future 
work, especially the case of the collection of all subsets of a given set. We 
shall frequently use a script letter for a collection of sets, so that the 
typography will indicate the complexity of the set under consideration. 
For example, given the set S = {0,1}, we may consider the set 9 of all 
subsets of S. Then 9 is a set with 4 elements which is ordered by inclusion. 
The relation of inclusion between subsets of a given set is really a more 
typical ordering relation than is the relation ‘‘<”’ between real numbers, 
The reason is that every two real numbers a and b are comparable; that is 
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at least one of the sentences “‘a < b” and “b < a” must be true. On the 
other hand, it is easy to find two sets A and B such that both of the sen- 
tences ‘‘A C B” and “BC A” are false. Thus, for the ordering relation 
““C”’, it is possible to have an incomparable pair of elements; that is, there 
may be two elements such that neither one is related to the other. 

Although an ordered set may be infinite, many of the examples in 
which we shall be interested will be finite. -For finite ordered sets there is 
a system of graphical representation which is helpful in visualizing the 
ordering relation. Two examples are shown in Fig. 2.1. Figure 2.la 
shows a set containing 7 elements. These elements are represented by 
the 7 small circles labelled a,b...,g. The line segments in the figure 
indicate which pairs of elements are related by the ordering relation in 
the set; one element is related to another if and only if it is possible to go 
from the circle representing the first element to the circle representing the 
second element, moving along line segments in the figure, and always 
moving upward. For example, “e < b”’ is true since it is possible to move 
from e to d and then to b along upward sloping line segments. Similarly, 
“f <a’ and “b<c” are each true. However, each of “a<c” and 
“6 < d” is false since, in each case, it is impossible to move from the 
first element to the second along upward sloping line segments. 

There may be some intersecting line segments in the graphical repre- 
sentation of a finite ordered set as illustrated in Fig. 2.2a. An alternative 
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procedure would be to draw the figures in three-dimensional space, using 
curved arcs instead of line segments. Since intersecting line segments 
present no difficulty in visualizing an ordered set from its graphical repre- 
sentation, we shall draw our figures in a plane and use line segments. We 
shall also use as few line segments as possible in representing an ordered 
set. For example, the dashed line in Fig. 2.2b should not be put in, since 
the relation between the elements it joins can be found from the other 
line segments and the transitive law. 

One obvious difference between the two illustrations in Fig. 2.1 is 
that (a) “spreads apart” at the top and bottom while (b) ‘‘comes together’’. 
This difference suggests the following definition. 


DEFINITION 2.4 A greatest element of an ordered set S is an element G of 
S such that, for each element a of S,a<G<=1. A least element of an 
ordered set S is an element L of S such that, for each element a of S 
Leael. 


We shall reserve the capital letters “L’’ and “G” for the least and 
greatest elements, respectively, of an ordered set. The ordered set of 
Fig. 2.1a has neither a least nor a greatest element. For example, a ~ G 
because ‘‘c < a’ is false. The ordered set of Fig. 2.1b has both a greatest 
and a least element. It is easy to check that a = G and b = L in this set. 

In using the graphical representation of an ordered set it is natural to 
inquire which ordered sets can be pictured in this way. Fortunately, any 
finite ordered set can be so represented, as the following theorem shows. 


THEOREM 2.5 Any finite ordered set has a graphical representation (as 
illustrated in Fig. 2.1). 


Proof. The proof is by induction on the number of elements in the set. 
Certainly any ordered set with one element is represented by a single 
small circle and no line segments. (The empty ordered set is represented 
by a blank picture.) 

Now assume that any ordered set with n elements can be pictured and 
let S = {a1, Q2,..., Gn, @ngit} be an ordered set with n + 1 elements. If 
we omit the element a,,; we obtain a set S’ = {a), @,...,@n} with n 
elements and there is an obvious ordering relation defined in S’ by restrict- 
ing the ordering relation ‘“‘<” which is given in S. Thus S’ has a graph- 
ical representation by the induction hypothesis, and it remains only to 
show that a circle representing a,,; can be added to this representation. 
Define three sets A, B, and C as follows. Put in A all the elements z of 
S’ such that “a < a,41’ is true; put in B all the elements x of S’ such that 
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““Qni1 < x” Is true; put all the other elements of S’ in C. It is easy to 
prove (Problem 7) that the three sets A, B, C form a decomposition of 
S’. Moreover, for each pair of elements a, b such that a is in A and 6 is 
in B, “a < 6b” is true since each of ‘fa < @ayy”’ and “any; < b” is true. 
Thus, in the graphical representation of S’, every circle representing a 
point in A is below each of the circles representing a point in B. The 
circle representing @,,; may be drawn between these two collections of 
circles (above the circles representing points of A and below those repre- 
senting points of B). A graphical representation of the ordered set S is 
obtained by drawing line segments downward from this new circle to the 
appropriate circles in A, and upward from the new circle to the appro- 
priate circles in B. il 


PROBLEMS 
1. Which of the following relations are ordering relations in the respective 
sets? 
(a) S is the set of integers; ‘“‘a R b” means “‘a is a divisor of b.”’ 


(b) S is the set of natural numbers; “a Rb” means “a has fewer 
prime factors than 0.” 


(c) S is the set of natural numbers; “a R 6” means ‘‘a has no more 
prime factors than b.”’ 


(d) S is the set of natural numbers; ‘‘a FR b’”’ means ‘‘a has fewer prime 
factors than b, or a and b have the same number of prime factors and 
a is less than or equal to b.”’ 


(e) Sis the set &, of all Boolean functions of n independent variables; 
“pRwy” means “for each set a, a2,..., an Of n Boolean constants, 


(a1, Q2,..., @n) 1S less than or equal to W(a1, a2, ..., @n).” 

(f) S is the set B,; “@Ry” means “for each set as, a3,..., an of 
n — 1 Boolean constants, $(0, ae, a3, ..., @n) is less than or equal to 
y(0, Og, &3,..- Qn).” 

(g) S is the set B,; “@ Ry” means “for each set az, a3,..., Qn of 
n — 1 Boolean constants, $(0, a2, a3,..., an) 18 less than or equal to 
W(1, ae, a3, ..., On).” 


(h) Sis the set B,; “@ Rw’ means “¢(0,0,...,0) < ¥(0,0,...,0).” 
(i) Sis the set B,;‘¢ Rwy” means “¢(0,0,...,0) < (1, 1,..., 1).” 


2. (a) For each of the ordered sets you found in Problem 1b, c, d, con- 
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sider only the subset S’ = {1, 2, 3,..., 10} of S and draw a graphical 
representation of S’. 


(b) For each of the ordered sets you found in Problem le, f, g, h, i, 
draw a graphical representation of the ordered set in the case n = 1. 


. Which of the ordered sets you found in Problem 1 have a greatest 


element? Which have a least element? 


. Prove that each of the Examples 2.3a, b, ¢ is an ordered set. 


5. Can every set be ordered, or does there exist a set on which no ordering 


#9. 


10. 


relation can be defined? 


. If S is a set which is ordered by the relation ‘‘<’’, prove that S is also 


ordered by the relation ‘‘>’’, where ‘‘a > b” means b < a. 


. (a) Prove that the three sets A, B, C described in the proof of Theorem 


2.5 form a decomposition of S’. 


(b) What are the “appropriate” circles in A and B as mentioned at 
the end of the proof of Theorem 2.5? 


. Prove that any ordered set contains at most one least element and at 


most one greatest element. 


For each of the following conditions, give two examples of an ordered 
set which satisfies the condition. 


(a) There is no greatest element and there is no least element. 

(b) There is a greatest element but there is no least element. 

(c) There is a greatest element and also a least element. 

If an ordered set does not contain a least element, can it always be 


enlarged in some way so that the enlarged ordered set does contain 
a least element? 


#11. For the set S = {a,b,c} with three distinct elements, how many 


12. 


relations are there which order S? (Two relations R and R’ are dif- 
ferent iff there is a pair of elements p, q of S such that one of “p R q’’ 
and “‘p R’q’” is true and the other one is false.) 


Is every finite collection of small circles and line segments the graphical 
representation of some ordered set? If not, can you characterize the 
pictures which do represent finite ordered sets? 


#13. Let G be the greatest element in a set ordered by ““<”’. Prove that 


a=Ganda<b>506=G. 
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#14. Let S be any set and let 5 be a collection of subsets of S such that 
the empty set @ and the set S are each in S. Define a relation “<” in 
the family of all subsets of S by 


A < Be There is an X in 9 such that AC X CB. 


Prove each of the following. 

(a) 6< G1. 

(b) S< Sel. 

(c) A< BACB. 

(4d) ACA, <BCBA <B. 
(e) The relation ““<” is transitive. 
(ff) 8= {A|ACSandA < 4}. 


3-3 Isomorphism 


We defined a relation in Section 2-3 and, in Section 3-2, we defined an 
ordered set as a set with a certain type of relation defined on it. We are 
frequently interested in things which can be done with two elements of a 
set as well as in relations between the elements. 


DEFINITION 3.1 A binary operation defined on a set S is a function of two 
independent variables, in which all three of the variables (dependent and 
independent) have range S. 


For example, addition is a binary operation defined on the set of real 
numbers. The term “binary operation” is frequently shortened to ‘‘oper- 
ation’’; it would be possible to consider ternary operations, etc. as certain 
functions of three or more independent variables, but we shall not do so. 
Just as with relations, the notation used in connection with operations is 
different from the functional notation described in Section 1-3. For the 
operation addition, ‘‘+-”’, on the real numbers, we denote the value of the 
dependent variable which corresponds to the pair of values a, b for the 
independent variables by “a + b” instead of by ‘“‘+(a, b).” 

In an operation on S, both the dependent and independent variables 
have range S; however, it must be remembered that the dependent variable 
is treated differently from the independent variables. For an operation 
“‘’? defined on a set S it is required that, for each pair a, b of elements of 
S, a+b must be an element of S. It is not required that each element of 
S be expressible in the form a*b. For example, we might define an 
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operation “‘O”’ on the real numbers by setting a O b = 0 for each pair 
of real numbers a, b. 


DEFINITION 3.2 An algebraic system is a set S together with certain rela- 
tions or operations defined on S. 


For example, an ordered set is an algebraic system, as is also the set of all 
complex numbers with the operations of subtraction and multiplication. 

There are 19 different ordering relations in the set S = {a, b,c} con- 
taining 3 distinct elements (Problem 11, Section 3-2). However, several 
of these ordering relations result in graphical representations which are 
the same except for the labelling of the small circles. Figure 3.1 shows 
the graphical representations of two different orderings of the set S. It 
is evident that the ordering of Fig. 3.1b is obtained by merely interchang- 
ing the labels ‘‘a” and ‘‘b” in the ordering of Fig. 3.la. These two order- 
ings are not the same since “‘a < b”’ is true in one of them and false in the 
other. Yet, Fig. 3.1 shows that there certainly is some kinship between 
the two orderings. ‘This type of kinship is the subject of the next defini- 
tion, but first we need one more bit of terminology. 

We say that two algebraic systems are of the same type iff there is a 
one-to-one correspondence between the two sets of relations involved in 
the systems and also a one-to-one correspondence between their operations. 
We shall frequently use the same symbol to denote corresponding opera- 
tions or relations in two algebraic systems of the same type. For example, 
any two ordered sets are algebraic systems of the same type since each has 
one relation and no operations. 


DEFINITION 3.3 Two algebraic systems of the same type are zsomorphic 
iff there is a one-to-one correspondence between the two sets which pre- 
serves corresponding relations and operations. Such a one-to-one corre- 


spondence is called an isomorphism. 


The word “preserves” in Definition 3-3 needs some clarification. 
Suppose that (a, a’), (b, b’), and (c, c’) are any three pairs of corresponding 


FIGURE 3.1 


(a) (b) 
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elements in the two algebraic systems, and that “‘R”’ and ‘“‘*” are a relation 


and an operation, respectively, defined on both systems. (We are using 
the same symbol for corresponding relations, etc.) The requirement of 
Definition 3.3 1s that 


aRb-a Rd’ 
and 
axtb=ceaxd’ =’. 


In particular, two ordered sets are isomorphic iff there is a one-to-one 
correspondence between the sets such that a < b= a’ < b’ where (a, a’) 
and (b, b’) are any pairs of corresponding elements. 

It is now easy to see that the ordered sets of Fig. 3.la and Fig. 3.1b 
are isomorphic since the correspondence in which the pairs of corresponding 
elements are (a, b), (b, a), and (c, c) is an isomorphism between these two 
ordered sets. 


PROBLEMS 


Gem 


. (a) How many orderings are there in a set of 3 distinct elements, such 
that no two of the orderings are isomorphic? 


(b) How many orderings are there in a set of 4 distinct elements, such 
that no two of the orderings are isomorphic? 


2. Consider the algebraic system composed of the set N = {1,2,3,...} 
of all positive integers with the usual ordering. Show that there is 
only one isomorphism of this algebraic system with itself. 


3. Consider the algebraic system composed of the set J = {..., —2, —1, 
0,1, 2,...} of all integers with the usual ordering. Show that there 
are an infinite number of isomorphisms of this algebraic system with 
itself. 


- 


Consider the algebraic system composed of the set J of all integers 
with the usual ordering and with the operation of addition. How many 
isomorphisms are there of this algebraic system with itself? 


5. Consider the algebraic system composed of the set J of all integers with 
the operation of addition. How many isomorphisms are there of this 
algebraic system with itself? 


*6. Consider the algebraic system composed of the set J of all integers 
with the operation of multiplication. Find two different isomorphisms 
of this algebraic system with itself. Show that there are an infinite 
number of such isomorphisms. 
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7. Find an ordered set which has a first element, and such that each 
element has an immediate successor and each element except the first 
has an immediate predecessor, but which is not isomorphic to the set 
N = {1, 2,3, ...} of all positive integers. 


3-4 The Ordering in &,, 


In Chapter 2, we have already considered the set &, of all Boolean func- 
tions of m independent variables. In this section, we shall define an order- 
ing relation on %,, thus making it an algebraic system. In Chapter 4 we 
shall define two operations on &, but, at present, we shall be interested in 
it only as an ordered set. 


DEFINITION 4.1 A Boolean function $(&, &,..., &,) is less than or equal to 
the Boolean function ¥(é, &,..., &), in symbols, ¢ < y, iff for every set 
01, Q2,..., a, of n Boolean constants 


(a1, a2,..., An) < (ar, a2,..., an) @ 1. 


Notice that the relation ‘“<”’ which appears in the last line of Defini- 
tion 4.1 is the usual ordering in the set {0, 1} of Boolean constants (values 
of Boolean functions). This familiar ordering relation is used to define 
the ordering relation (also denoted by ““<” )on the set %,. Of course, 
it must be proved that this new relation actually is an ordering relation 
on &,,. 


THEOREM 4.2 The relation “<<” defined in Definition 4.1 is an ordering 
relation on By. 


Proof. Problem 1 fi. 


The ordered set &%, has both a greatest and a least element. The 
greatest element is the function which is identically 1, and the least element 
is the function which is identically zero. In the next section we shall see 
that these two functions play a special role in the connection between logic 
and the ordered set &,. 


Example 4.3 Each of the following statements is true of the ordering 
relation on Be. 


é + — én < max {é, 7}. 


fn < max {&, n}- 
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PROBLEMS 


1. Prove Theorem 4.2. 


2. Find a graphical representation of the ordered set of all Boolean func- 
tions of one independent variable; of two independent variables. 


3. For each of the following Boolean functions y, find how many different 
Boolean functions @ make the sentence “¢@ < w’’ true. 


(a) ¥(é,9, 5) = 1. 

(b) ¥(é, 7,5) = 0. 

(c) ¥(é, 2, 6) = & 

(d) ¥(é, 9, 5) = max (6, n}. 
(e) ¥(&, 0, ©) = énf. 


4. For each of the following Boolean functions ¢, find how many different 
Boolean functions y make the sentence “¢@ < w’’ true. 


(a) o(8, 0, ¢) = 1. 

(b) o(é, 7, £) = 0. 

(c) (6, 0, §) = &. 

(d) o(&, 0, $) = max {&, 7}. 
(e) (8, 0, $) = Eng. 


5. Find two Boolean functions ¢ and y, with the same independent vari- 
ables, such that both of “¢@ < y” and “y < @” are false. These two 
functions are incomparable in the ordered set &,. What is the least 
number of independent variables in a pair of incomparable Boolean 
functions? 


6. For each of the Boolean functions y of Problem 3, find how many 
Boolean functions of 3 independent variables are incomparable to y. 


3-5 Connection with Logic 


The correspondence between truth value functions and Boolean functions 
described in Section 2-4 enables us to write an implication between truth 
value functions of n independent variables in terms of the ordering relation 


in &,,. 
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THEOREM 5.1 The truth value function f(%, 22, ...,2n) implies the truth 
value function g(%, v2,...,2n) if and only if for their respective corre- 
sponding Boolean functions ¢ and y, ‘“¢ < w”’ is true. 


Proof. The condition “¢@ < y’’ between two Boolean functions states that, 
for each set of values of the independent variables, the corresponding value 
of ¢ is less than or equal to that of y. Evidently, if the value of ¢ is zero, 
this condition is automatically satisfied no matter what the value of yw is. 
Thus, “¢ < yw” is equivalent to the requirement that whenever ¢ has the 
value 1, the value of ¥ must also be 1. But the correspondence between 
truth value functions and Boolean functions enables us to phrase this 
requirement as: ‘‘Whenever f has a value which is true, the value for g 
must also be true.” This is equivalent to ‘“f— 9g’. 4 


By the method used in proving Theorem 5.1, any true sentence about 
the ordering relation in %, can be used to obtain a true sentence about 
truth value functions. Some of the more important cases are given in the 
following theorem. 


THEOREM 5.2 For any truth value functions f, g, and h, of the same n 
independent variables, 


(a) f= f. 

(b) Fron A Gefe fog). 
() Frog A GPA) SFA). 
dd) FelhHAFfoe-gnsegeD. 


Proof. Parts (a), (b), and (c) are left as exercises (Problem 1). For part 
(d), let ¢ and y be the Boolean functions which correspond, respectively, 
tofandg. The sentence “f< 1” means that all the values of the function 
f are true sentences; that is, the Boolean function ¢ is identically 1, so 
that @ = G (the greatest element in %,). Thus, condition (d) can be 
formulated in terms of ¢ and y as follows 


@¢=Gand¢<yoy =G. 


This result follows immediately from Problem 13, Section 3-2. ll 


The result of Theorem 5.2d is a well-known rule of logic called modus 
ponens. Because of this rule, the truth value functions f such that f= 1 
(the corresponding Boolean function is identically 1) are particularly im- 
portant, These truth value functions are the tautologies. 
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PROBLEMS 


1. Complete the proof of Theorem 5.2. 


2. If the truth tables of f and g are given, how can you decide whether or 
not f implies g? How can you decide whether or not f is equivalent to g? 


3. Find two truth value functions f and g, of the same independent vari- 
ables, such that both of ‘“‘f — g’” and ‘‘g— ff’ are false. Are there two 
sentences a and b such that both of ‘‘a — b” and ‘‘b — a” are false? 


4. Let fi, fo,..-,fn be truth value functions of the same independent 
variables. 


(a) Prove (fife) A (fp fs) AN... A frat) = (fi fn). 
(b) Prove that, for all integers 21, 7 between 1 and n inclusive, 
(fim h) A (hfs) AN... A Grate) A Gah) = (fi fi). 
5. What conclusions are possible from the following information? 


(a) None of the unnoticed things, met with on a space trip, are Martians. 


(b) Things entered in the log, as met with on a space trip, are sure to 
be worth remembering. 


(c) I have never met anything worth remembering, while on a space trip. 


(d) Things met with on a space trip, that are noticed, are sure to be 
recorded in the log. 


6. What conclusions are possible from the following information? 
(a) The only coeds in this class are sorority girls. 
(b) Every girl is suitable for a date, that loves to gaze at the moon. 
(c) When I detest a girl, I avoid her. 
(d) No girl is sufficiently beautiful, unless she will dance all night. 
- (e) No sorority girls fail to be wealthy. 
(f) No girls ever take to me, except those which are in this class. 
(g) Miss X is not suitable for a date. 
(h) None but sufficiently beautiful girls are wealthy. 
(i) I detest girls that do not take to me. 
(j) Girls that will dance all night always love to gaze at the moon. 


7. Which truth value functions correspond to the least element of the 
ordered set &,? 


oul 


LATTICES 


Introduction 


We have studied the algebraic system composed of the 
set %, with an ordering relation and have found that this 
system is convenient for expressing implications or equiva- 
lences between truth value functions of the same n 
independent variables. In this chapter, we shall see that 
the ordering relation in &, can be used to define two 
operations on &, and these operations will be of interest 
in discussing the logical connectives “A” and ‘“V” be- 
tween truth value functions. As usual, we shall present 
the abstract situation first and then specialize to the 
particular ordered set &,. The basic definitions are 
given in Section 4-2, and further properties of the alge- 
braic system are given in Section 4-3. In Section 4-4 the 
general theory is specialized to &, and the application 
to logic is discussed. 

[Caution: In the remainder of the text we shall be using 
the metalanguage much more freely than we have been. 
For example, we may write simply ‘a < c’” instead of 
““fa <c’ is true” as we have done in the first three chap- 
ters. The context will indicate whether a sentence is 
being asserted as true, or is merely being presented 
for consideration. ] 
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4-2 Basic Definitions 


In this section we shall study certain ordered sets as algebraic systems. 
We shall need some new terminology to state the definition. 

Let S be an ordered set and let A be a subset of S. An upper bound 
of A is an element c of S such that, for each element a of A, a<c;a 
lower bound of A is an element d of S such that, for each element a of A, 
d<a. Of course, there may be several upper bounds for a particular 
set A, or there may be none at all. For the ordered set S pictured in 
Fig. 2.1a of Section 3-2, the set A = {e, d,g} has the 4 elements a, b, c, d 
as upper bounds; the set, A’ = {a, f,c} has no upper bounds. Evidently, 
if c is an upper bound for the set A and if ¢c < c’, then c’ is also an upper 
bound of A. This suggests that it might be convenient to choose the 
least of the upper bounds for A (if there is a least one) to represent all 
of the upper bounds. 


DEFINITION 2.1 Let A be a subset of an ordered set S. The supremum 
of A, in symbols U4, or sup A, is an element of S such that 


sup A is an upper bound of A, and 
if cis any upper bound of A, then sup A <e. 


Similarly, the infimum of A, in symbols ()\A, or inf A, is an element of S 
such that 


inf A is a lower bound of A, and 
if d is any lower bound of A, thend < inf A. 


In case the set A is finite, say A = {a1, d,..., an}, the elements 
\UA and (A are sometimes denoted by a; U az... \U a, and a1 (1 a2 (1) 
...C\ 4, respectively. Also, the supremum of a set A will be referred to 
as the supremum of the elements of the set; for example, we may speak of 
the sup of a and b instead of sup {a,b}. Similarly with the infimum. 


Example 2.2 (a) For the ordered set S pictured in Fig. 2.1b of Section 3-2, 
sup {c,d} =cUd =a, 
inf {a,b,e} =al\bNv\e = b. 
(b) Since a subset of an ordered set may have no upper bounds, it 
certainly may fail to have a sup. Moreover, sup A may not exist even 


when A does have an upper bound. Let S be the set of non-zero real 
numbers with the usual ordering and let A be the subset composed of the 
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negative numbers. Any positive number is an upper bound for A, but 
sup A does not exist since the set of all upper bounds of A does not have a 
least element. 


DEFINITION 2.3 A lattice is an ordered set such that each pair of elements 
has both a sup and an inf. 


We have already seen examples of some ordered sets which are lattices 
and some which are not. ‘The ordered set of Fig. 2.1a in Section 3-2 fails 
to be a lattice (for instance, e and f have no inf); it is easy to check that 
the ordered set of Fig. 2.1b in Section 3-2 is a lattice. The ordered sets 
of Examples 2.3a and 2.3b in Section 3-2 are lattices. 


Example 2.4 Let S be a set and let S be the collection of all subsets of S, 
ordered by inclusion. Then 9 is a lattice. In fact, if A and B are any 
two elements of 5, the sup of A and B is just the union of the two sets; 
that is, 


A U B = the set of all objects which are elements of 
at least one of the two sets A and B. 


Similarly, the inf of A and B is their intersection. 


A (\B = the set of all objects which are elements of 
both of the sets A and B. 


We shall use the symbols ““~”’ and “‘—~”’ for the set operations union 
and intersection, respectively. That is, we shall write ‘A ~ B”’ for the 
union of the sets A and B, and shall write ‘‘A — B”’ for the intersection of 
A and B. 


The operations sup and inf are not really binary operations on an 
ordered set S since it is not necessary to have exactly a pair of elements 
in order to perform these operations. Indeed, as Definition 2.1 suggests, 
it may be possible to perform these operations with any subset of S, finite 
or infinite, or with the entire set S. Of course, there may be subsets of S 
which do not have a sup or an inf; that is, subsets such that the operations 
sup or inf cannot be performed (Problem 3). The characteristic property 
of a lattice is that each of the operations sup and inf can be performed 
with any pair of elements. Thus, in a lattice, it is frequently convenient 
to consider LU and ()/ as binary operations. The following theorem shows 
that these operations are defined for all non-empty finite sets. The situ- 
ation with respect to infinite sets is presented in Problem 8. 
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THEOREM 2.5 In a lattice, any non-empty subset consisting of a finite 
number of elements has both a sup and an inf. 
Proof. Problem 7. 8 


It is instructive to consider the binary operations “WU” and “‘(Y’ defined 
on a lattice S by setting 


a/b = Uf{a,b} and af\b = C\{a, d}. 


The following theorem gives several interesting properties of these 
operations. 


THEOREM 2.6 Let a,b, and c be elements of a lattice S. The binary 
operations “WV” and “‘7Y’” on S have the following properties: 


Commutative Laws; 


aJb=bVUsa; af\b = bf\a. 

Associative Laws; 

aU (bUc) = (aU) Ue; al\(bf\c) = (af\b) "°c. 
Idempotent Laws; 

aUa=a; af\a=a. 

Absorption Laws; 

aU (af\b) =a; al\(aU b) =a. 


Proof. We shall prove two of these laws; the proofs of the others are left 
as exercises (Problem 9). 


Proof thata\/b = ba: By definition, 
a\/b = sup {a,b} and bU a= sup {b, a}. 


but the sets {a,b}. and {b,a} are identical since they have the same 
elements. ThusaU }b = bU a. 


Proof that aU (a/\b) = a: Since the ordering relation is reflexive, 
we must have 
asa. 


Also, since a (\ 0 is one of the lower bounds for {a, b}, we have 
af\b <a. 


These two relations show that the element a is one of the upper bounds 
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of the set {a,a/\b}. Evidently, if c is any upper bound of {a,a/ }}, 
then a<c. Thus, by Definition 2.1, sup {a,a\b} = a. 


PROBLEMS 
1. Prove that each subset of an ordered set has at most one sup and at 
most one inf. 


2. In the ordered set of Fig. 2.1b in Section 3-2, find the sup and the inf 
of each subset consisting of either one or two elements. 


3. Find an example of an ordered set S with a subset A, containing exactly 
two elements, such that A has an upper bound but no sup. 


4. Let S be the set of all points (n, m) in the plane with positive integral 
coordinates. In which of the following cases is S an ordered set? In 
which cases is it a lattice? What is the geometric interpretation of 
the binary operations “\U”’ and ‘‘(\’ in each of the lattices? 


(a) (n,m) < (n’, m’') en <n’ and m < m’. 
(b) (n,m) < (n’,m’) 3 n < m’' andm <n’. 
(c) (n,m) < (n’,m’) en <n’ and m’ < m. 
(d) (n,m) < (n’,m') en 


(e) (n,m) < (n’, m') en 


< mand yn’ < m’. 
< m. 
(f) (n,m) < (n’, m’) @ nis a factor of n’ and m is a factor of m’. 
(g) (n,m) < (n’, m’) & 2n + m < 2n' +m’. 
(h) (n,m) < (n’, m’) & 2n — m K< 2n’ — m’. 
5. Prove that each of the ordered sets of Examples 2.3a and 2.3b in 


Section 3-2 are lattices. What are the sup and inf of pairs of elements 
in these lattices? 


6. Find an example of a collection 5 of sets which is ordered by inclusion 
but does not form a lattice. 


7. Prove Theorem 2.5. 


8. (a) Find an example of an infinite subset A of a lattice such that A 
has no upper bounds. 


(b) Find an example of an infinite subset A of a lattice such that A 
has an upper bound but no sup. 


9. Complete the proof of Theorem 2.6. 
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10. Draw the graphical representation of the ordered set S = {1, 2, 3, 
..., 10} with the ordering relation defined by 


a <b <a has fewer factors than b, or a = b. 


Is this ordered set a lattice? 


11. Draw the graphical representation of the ordered set S = {1, 2, 3, 
..., 10} with the ordering relation defined by 


a <b<« a has fewer factors than 6, or 


a and b have the same number of factors and a is less than or 
equal to b. 


Is this ordered set a lattice? 


12. With the notation of Problem 14, Section 3-2, prove that 5, with the 
ordering relation of inclusion, is a lattice if and only if 


(A < Band 4,< Bi)=(A~ AL: < B~ B)) 
and 
(A < Band A, <B)=3(A ~A,< BAB). 


4-3 Further Properties of Lattices 


Theorem 2.6 lists several properties of the binary operations ‘“\U”’ and 
“(\” in a lattice. Many other properties of these operations could have 
been mentioned, but the ones given are of particular importance; the 
following theorem shows that these properties actually characterize lattices. 


THEOREM 3.1 If an algebraic system is composed of a set S and two 
binary operations ‘‘«’”’ and ‘‘O”’ on S such that, for all elements a, b, and 
c of S, 


(i) axb = bea, aob=b0a4; 

(iil) axa =a, ada=aQ; 

(iii) a* (b*c) = (at b) ¥c, aO(bOc)=(a0Ob) Oc; 
(iv) at (a Ob) =a, a O (a*b) =a; 


then there is a unique ordering relation in S which makes S a lattice and 
such that the given operations “‘*’’ and ‘‘O”’ are, respectively, ‘“\U”’ and 
“\” in the lattice. 


Proof. The proof consists of Lemmas 3.2 through 3.4 below. 


LEMMA 3.2 With S, ‘‘«’’, and ‘‘O” as in Theorem 3.1, 


axt+b=beaodd=a. 
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Proof. Supposea+*b = b. Then 
acdb=a0O(atb) =a 


by the second of conditions (iv) in Theorem 3.1. The proof of the con- 
verse is similar. ff 


LEMMA 3.3 With S, ‘“‘*’, and “O” as in Theorem 3.1, define ““<” by 
a<b@axb=b. 


Then ‘‘<” is an ordering relation on S; moreover, with this ordering 
relation, S is a lattice and the operations “\U” and ‘‘(Y’ in the lattice are, 
respectively, ‘‘*’”’ and “O”’. 


Proof. It is evident that “<<” is a relation on S (for each pair of elements 
a, bof S, “a < b” isasentence); to prove it is an ordering relation, we must 
show that it is reflexive, antisymmetric, and transitive. 

The relation ““<” is reflexive since, by the first of conditions (ii) in 
Theorem 3.1, a+ a = a for each element ain S. Thusa <a#l. 

The relation “<” is antisymmetric since, if both of “a <b” and 
“‘b < a” are true, then 


ax*b=b and bea=a. 


These equations, together with the first of conditions (i) in Theorem 3.1, 
imply a = b. 
The relation “‘“<”’ is transitive since, if a+b = b and b*c = c, then 


arc=ax(b+*c) = (atrb)*c= bee = Cc. 


This completes the proof that ‘‘“<” is an ordering relation on S. 
To complete the proof of Lemma 3.3 we must show that each pair of 
elements a, b of S has a sup and an inf and that 


aJb=axb and af\b=aob. 


First, notice that 


a<axb 
because 
a*(axb) = (a*xa)*b=axbd, 
and that 
b<axb 
because 


bx (a*xb) = ax (bb) = ab. 
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Thus a+b is an upper bound for {a,b}. Let c be any upper bound for 
{a, b}; then 
a*c=c and btc=c, 
SO 
(axb)*c=ax(b¥c) =~artc=c. 


Hence a + b < c; this proves thata+b =a b. The proof thata Ob = 
al) b is similar. 


LEMMA 3.4 With S, “‘*’”’, and ‘“‘O” as in Theorem 3.1, the relation “<”’ 
defined in Lemma 3.3 is the only ordering relation on S which makes S a 


lattice and such that the given operations ‘‘*’’ and ‘‘O”’ are, respectively, 
“A” and “CY? in the lattice. 


Proof. Let “ ”’ be any ordering relation on S which makes S a lattice, and 
such that “x”? and ‘““O”’ are, respectively, “WU” and “CY”. Ifa _ 6, then 
a\Jb=b0. Therefore, since ‘‘\”’ is the same operation as ‘‘*’’, we must 
have a+b = b; thus, by the definition in Lemma 3.3, a < b. The proof 
is completed by noting that each of the steps above is reversible. ll 


This completes the proof of Theorem 3.1. ff 


So far, in Sections 4-2 and 4-3 we have considered only conditions which 
are satisfied by all lattices. There are several interesting conditions 
which are satisfied by some lattices, but not by others. The remainder of 
this section is devoted to such conditions. 


DEFINITION 3.5 A lattice S is distributive iff, for all elements a, b, c of S, 
af\(bUc) = (a(\b) U (afro). 


Thus, a lattice is distributive iff the operation “(\’ distributes over the 
operation “WU”, This seemingly unsymmetric treatment of the two lattice 
operations is misleading; the condition is actually symmetric in the two 
operations, as the following theorem shows. 


THEOREM 3.6 A lattice S is distributive iff, for all elements a, b, c, of S, 
aU (6c) = aUdb) ON (aVe). 
Proof. Suppose S is distributive; then 
@UbdN (aVe) = [aU b) Nal U [aU bd) Ne]. 


By the absorption law and another use of the distributive property, 
[aU b OaU [aU b) Nel =aVU [(aNc)U ON). 
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The associative law, and another use of the absorption law, give 
aU [aNco) UOGNMo] =aVU (Nc). 
Thus, if S is distributive, then 
aU (6f\c) = (aUbN (aVe). 


The proof of the converse is left as an exercise (Problem 3). fl 


Example 3.7 The lattice of all subsets of a given set S, ordered by inclusion, 
is a distributive lattice. 


Proof. If A, B, and C are subsets of S, the set 
A-~(B~ C) 


is composed of all elements which are in A and also in at least one of B or 
C. The set 
(Ae BB) (As €) 


is composed of all elements which are either in both of A and B or in both 
of AandC. It is easy to see that these two conditions on the elements of 
S are equivalent; thus 


AA(BY OC) =(AAB)~ (A-C).N 


The construction of an example of a non-distributive lattice is left as 
an exercise (Problem 4). 

We have seen (Problem 9 of Section 3-2) that an ordered set may or 
may not contain greatest and least elements. The same is true of a lattice. 
The real numbers with the usual ordering form a lattice with neither a 
greatest nor a least element; the real numbers between zero and one inclu- 
sive form a lattice with both a greatest and a least element. Further 
examples appear in the problems. 

As we have seen, the collection 9 of all subsets of : a given set S forms a 
lattice when inclusion is the ordering relation. The greatest element G 
of this lattice is S itself, and the least element L is the empty set @. The 
familiar set operations of union and intersection are the operations sup and 
inf in the lattice. But there is another set operation, complementation, 
which we have not yet had occasion to use. The complement of a subset 
A of S is defined to be the collection of all elements of S which are not 
elements of A. Thus, complementation is a unary operation (performed 
on a single set). If A’ is the complement of A, it is easy to see that 


Aw A’=S 
and 
A-nA’ =. 
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This familar set operation suggests the following definition. 


DEFINITION 3.8 In a lattice S with greatest element G and least element L, 
a complement of the element a of S is an element b of S such that 


aUbob=G and af\d=L. 


A complemented lattice is a lattice in which there is a greatest element and 
a least element and in which each element has at least one complement. 


1. 


PROBLEMS 


Which of the following ordered sets are lattices? Which of the lattices 
are distributive? Which have greatest or least elements? Which are 
complemented? 


(a) The set 5 of all finite subsets of the real numbers, ordered by 
inclusion. 

(b) The set 9 of all infinite subsets of the real numbers, ordered by 
inclusion. 

(c) The set 9 of all complements of finite subsets of the real numbers, 
ordered by inclusion. 

(d) The set 5 of all subsets of the real numbers which have an even 
number of elements, ordered by inclusion. 

(e) The set 9S of all subsets of the real numbers which have the set 
{0, 1} as a subset, ordered by inclusion. 


Which of the lattices of Problem 4 in Section 4-2 are distributive? 
Which have a greatest or least element? Which are complemented? 


3. Complete the proof of Theorem 3.6. 


. Find two distributive lattices and two which are not distributive. 


(Hint: There are two non-distributive lattices, each with five elements, 
which are not isomorphic.) 


. (a) Let S be a lattice and let 6b and c be two elements of S such that 


for each element a of S, 
aWJb=b and aVUc=a. 
Prove that b = Gandc = L. 


(b) Similarly, characterize the elements G and L of a lattice in terms 
of the operation “CY”. 
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6. Find two complemented lattices and two which are not complemented. 


7. Find a lattice that contains an element a having two different com- 
plements. Is it possible for every element in a lattice to have more 
than one complement? 


8. Let S be ordinary three-dimensional space, and let the elements of 5 
be the empty set, the sets consisting of the single points of S, the lines 
in S, the planes in S, and the set S itself. Prove that 5, with the 
ordering relation of inclusion, is a non-distributive, complemented 
lattice. 


9. With the notation of Problem 14, Section 3-2, show that 
(A <B-B' < A’) (X isin § — X’ isin 9). 
(The operation ‘‘’”’ is the operation of point-set complementation.) 
#10. Prove that, in a distributive lattice, 


BI\(A,U A,U +++ U Ay) 
= (BI\ A) U (BN A) U ++» U (BO A,). 


4-4 The Lattice $2,, and Applications to Logic 


An ordering relation was defined on the set &, in Section 3-4 and some 
relationships between the ordered set &, and logic were discussed in Section 
3-5. In this section we shall see that the ordered set 8, is a lattice and 
that the lattice operations in &, have interesting analogs in logic. 

The concepts of the maximum and minimum of two real-valued func- 
tions should be familiar, but, for completeness, we recall the definitions for 
the special case in which we shall be interested. If ¢and y are two Boolean 
functions of the same independent variables £,, &, ..., &,, then max {¢, y} 
is a Boolean function of these independent variables and, for each set 
@, Q2,..., a, Of values of these independent variables, the corresponding 
value of the function, | 


max {¢, } (a1, a2, ..-, Gn), 
is the maximum of the two numbers 
(a1, a2, ..., An) 
and 


W(a1, Qe, ..-, An). 
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Similarly, min {¢, ¥} is a Boolean function whose value, 
min {, v} (au, M2, +--+, Qn), 
is the minimum of the two numbers 


(a1, 2, - 2 y Qn) 


and 


W(a1, a2, ..., An). 


THEOREM 4.1 The ordered set &, is a complemented distributive lattice. 


Proof. Let ¢ and yw be two Boolean functions of n independent variables. 
Clearly 


¢ < max {¢, ¥} 
and 


v < max {¢, y}. 
Also, if Q is an element of &, such that 


@¢<Q2 and Y< Q, 


then 
max {¢,¥} < Q. 
Thus 
¢U wv = max {¢, y}. 
_ Similarly, 


p() V = min 1d, v}, 
so &,, is a lattice. 


To prove that 3, is distributive, let ¢, ¥, and Q be three elements of B,. 
Then 


$1 (YU Q) = min {¢, max {y, 2} }. 


Thus, the value of the function ¢M (¥ LU Q) is 1 for a particular set of 
values of the independent variables iff 


(A) The function ¢ has the value 1 for these values, and at least one 
of the functions y and Q has the value 1 for these values. 


On the other hand, 
(PO p) U (6 Q) = max {min {¢, ¥}, min {¢, Q} }. 
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Thus, the value of the function (¢ 1 vy) U (¢ Q) is 1 for a particular set 
of values of the independent variables iff 


Both of ¢ and y have the value 1 for these values, or both of ¢ and 
Q have the value 1 for these values. 


(B) 


Since the conditions (A) and (B) are equivalent, 
PN YUD) = G@OWYU OQ), 


so the lattice &, is distributive. 
The proof that &, is complemented is left as an exercise (Problem 1). g 


As we have seen in Chapter 3, the correspondence between truth value 
functions and Boolean functions is useful in certain logical considerations. 
Since the ordered set &, has now been shown to have further algebraic 
structure (as a lattice), it is natural to enquire what operations on truth 
value functions correspond to the lattice operations in &,. The result is 
given in Theorem 4.3 below, but a definition is needed first. 


DEFINITION 4.2 If f and g are truth value functions of the same independent 
variables 21, 22,...,2%n, then f V g,f Ag, and ~f are the truth value 
functions defined as follows: 


(f V g)(41, 22, .-., 2n) = f(t, V2, ..-, Ln) V g(X1, Te, ..-, Ln) 
Cf A g)(a1, te, ..-, Xn) = f(a, 22, .--, Fn) A g(a1, V2, ..-, Xn) 


(~ f) (a, T2, +06, Zn) a ~ f(t, TQ, 0+ y Tae 


THEOREM 4.3 If the truth value functions f, g (with the same independent 
variables) correspond, respectively, to the Boolean functions ¢, y, then 


f Vg _ corresponds to ¢?Uy 
and 


f Ag _ corresponds to ¢f\¥. 


Proof. The Boolean function which corresponds to f V g has the value 1 
iff at least one of f and g has a value which is true; that is, iff at least one 
of ¢ and y has the value 1. But this condition characterizes the Boolean 
function @U y. Similarly, the Boolean function which corresponds to 
f Ag has the value 1 iff both of the functions f and g have values which 
are true; that is, iff both of @ and yw have the value 1. This condition 
characterizes the Boolean function ¢( y. ff 
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The correspondence between the operations “VV” and “A” for truth 
value functions and the operations ‘\U” and “CY” for Boolean functions, 
together with the relationship between implication and the ordering in B,, 
makes it possible to find several basic theorems of logic. Some of these 
familiar results are collected in the following theorem. Of course they 
could be obtained directly, without using Boolean functions. 


THEOREM 4.4 If f and g are truth value functions of the same n independent 
variables, then 


(a) fosfVg. 

(b) g=fVg. 

(ce) fAg=>f. 

(dd) fAg>g. 

(ec) fAgG=fVg. 

f) GAgGePISeFfelA Ge). 

(g) (Ff V 90) @ (f 0) A G0). 
Proof. Let ¢ and y be the Boolean functions which correspond to f and g 
respectively. The implication (a) is immediate from the order relation 

o<¢Vy. 


Parts (b) through (e) are similar. To prove (f), notice that f A g< 1 is 
equivalent to 


The Boolean function o(\ yp is rdentically 1. 
This condition is equivalent to 
Each of @ and y 1s identically 1. 
This, in turn, is equivalent to 
(fo 1) A go 1). 
The proof of (g) is similar. 


PROBLEMS 


1. The following results complete the proof of Theorem 4.1. 


(a) What are the greatest and least elements in the lattice &,? 
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(b) Prove that every element of &, has a complement. 


(c) Does every element of &%, have a unique complement? Can you 
express the complement of ¢ conveniently in terms of ¢? 


2. Complete the proof of Theorem 4.4 by supplying proofs for the parts 
not treated in the text. 


3. Let f and g be truth value functions of the same independent variables. 
Which of the following sentences are true? 


a) FV gele(feolv gel). 
bb) fVgeH)eFoOHAGeD. 
() FAGePINSEFelV GoD. 
d@) SAGePI)eFehHaA Gel). 
4. Repeat Problem 3 with the symbol “‘1’’ replaced by ‘‘0’’. 


5. Let f and g be truth value functions of the same n independent variables, 
and let aj, @,...,@, be sentences in the respective ranges of these 
variables. Which of the following statements are true? 


(a) (f V g) (a, G2,.-.-, dn) ed 1] 


<> [f(di, de, ..., Gn) 1) V [g(qi, ae, ..., An) 1). 
(b) Lf V g) (a, Q2,.--, an) ie 1] 
<> [f(ai, d2,..., An) 1] A [g(m, a, ..., an) 1). 


(c) [(f A g)(ai, a2, ..., Gn) 1] 
<> [f(ai, @2,..., An) 1) V [g(m, ae, ..., Gn) 1). 
(d) [(f A g)(q, a... , Gn) 1] 
<> [f(qi, Q2,..., Gn) 1] A (g(a, ae, ... , Gn) 1). 
6. Repeat Problem 5 with the symbol ‘‘1”’ replaced by ‘‘0’’. 


BOOLEAN ALGEBRAS 


5-1 Introduction 


A Boolean algebra is defined in Section 5-2 and some of 
the elementary properties of this type of algebraic system 
are developed. In Section 5-3 an important representa- 
tion theorem is presented; this theorem shows that every 
finite Boolean algebra can be represented by the collection 
of all subsets of some set. The collection &, of all Boolean 
functions of m independent variables is a Boolean algebra. 
This particular Boolean algebra, and some of the applica- 
tions to logic, are discussed in Section 5-4. 


5-2 Basic Definition and Properties 


We have studied ordered sets and have defined a lattice 
as a special type of ordered set. A Boolean algebra is a 
special type of lattice. 


DEFINITION 2.1 A Boolean algebra is a complemented, dis- 
tributive lattice. 


Thus a Boolean algebra is an ordered set in which each 
pair of elements has both a sup and an inf, each of the 
binary operations ‘\U” and ‘‘7\’ distributes over the 
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other, there is a greatest element and a least element, and each element has 
at least one complement. Note that a Boolean algebra must be non-empty 
— in particular, it must contain a greatest element. 


THEOREM 2.2 Each element in a Boolean algebra has precisely one com- 
plement. 


Notation: We shall use “A’’ to denote the complement of the element 
A in a Boolean algebra. 
Proof. Suppose that B and C are each complements of the element A in a 
Boolean algebra %, then 
B=BIVG=BO(AUC) =(BNA)DU(BNC) 
=LU(COB) =COOB. 
and 
C=CNG=CH(AVUB)=(CONA)DU(COB) 
=LU(COB) =COB. 
Thus B = C.4 


Example 2.3 According to Theorem 4.1 of Section 4-4, the set &, of all 
Boolean functions of n independent variables is a Boolean algebra. For 
each element ¢ of &,, its complement is given by 


¢=1-#¢. 


If the truth value function f corresponds to the Boolean function ¢, then 
the truth value function ~ f corresponds to the Boolean function ¢. 


Example 2.4 Let S be any set, and let 5 be the collection of all subsets of S, 
ordered by inclusion. Then 9 is a Boolean algebra. 


The binary operation “WU” is union: AUB=A~ B. 

The binary operation ‘‘(\’ 1s intersection: 
AIVB=A-B. 

The least element is the empty set: L = 9. 

The greatest element is the set S: G = S. 


The unary operation ‘““ ” is the set operation complement: A = A’. 
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The Boolean algebra 5 of Example 2.4 shows that the Boolean operation 
of complement is connected in some way to the set operation of comple- 
ment. The next theorem strengthens this connection by showing that, in 


any Boolean algebra, the operation ‘““ ”’ has properties analogous to those 
of ae 
THEOREM 2.5 In any Boolean algebra, the operation ‘“ ” satisfies the 
following conditions. 

(a) A=A. 


(b) AUB=ANB. 
(:) ANB=AUVUB. 
(b’) AUB=ANB. 
(’) ANB=AUB. 
(dd) L=@. 
(e:) G=L. 


De Morgan’s Laws. 


Proof. We shall prove only part (b); the remainder of the proof is left as 
an exercise (Problem 1). Since complements are unique in a Boolean 
algebra, if we find any element X which satisfies 


(AUB)UX=G 
and 
(AUB)NNX =L, 
then xX must be the complement of A\/ B. It remains merely to try 
X =AS\B. We find 
(AU B)U(ANB) =[(AUB)UAIN[(AUB) UB 
=GG=G 


and 


(AUB)N(ANB) =[AN(ANB)]U[BN (AN B) 
=LUL=L.18 
A characterization of a lattice was given in Theorem 3.1, Section 4-3, 
in terms of properties of two binary operations ‘‘*’’ and ‘“‘O”’ which were 


proved to be the operations “UV” and ‘7’ in the lattice, respectively. 
The following theorem gives a similar characterization of a Boolean algebra. 
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THEOREM 2.6 Let an algebraic system be composed of a set 9 containing 
(at least) two special elements P and Q, and of two binary operations ‘‘*”’ 
and “‘O”’ on such that, for any elements A, B, and C of 9, 


(a) A+B=BeA. AOB=BOA. 

(b) A*A =A. AOA@=A. 

(c) Ax(B*eC) =(A*B)*C. AO(BOO)=(AOB) OC. 
(d) A*(A OB) =A. A O(A*B) =A. 


(ec) A O (B*#C) = (A OB)*(A OC). 
(f) For each element A of 5 there is an element A of 5 such that 
A*xA=P and AOA =Q. 


Then there is a unique ordering relation in S which makes 5 a Boolean 
algebra and such that the given operations ‘‘*” and ‘‘O”’ are, respectively, 
‘“(\” and “\’ in the Boolean algebra. Moreover, P and Q are G and L, 
respectively, and A is the complement of A. 


Proof. By Theorem 3.1, Section 4-3, the conditions (a) through (d) in 
Theorem 2.6 imply that there is a unique ordering in 5 which makes 5 a 
lattice, and such that “x” and ‘‘O”’ are, respectively, “WU” and “‘7’’. 
Condition (e) states that this lattice is distributive. 


For any element A of 9, 
AwP=Ax(A«4) =(AxA)t+L=AxA =P 
and 
AOQ=AO(AOA)=(AOADOA=AOA=Q, 


thus P and Q are, respectively, the greatest and least elements of the 
lattice. Condition (f) now states that the lattice is complemented and A 
is the complement of A. i 


The number of elements in a finite set 5 must satisfy a condition if 5 
can be made into a Boolean algebra. A necessary and sufficient condition 
will be found in the discussion of the next section, but the next theorem 
gives a simple necessary condition. 


THEOREM 2.7 Every finite Boolean algebra & (with one trivial exception) 
has an even number of elements. 
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Proof. See Problem 7 for the exception; it will be ignored in this proof. 
Form a decomposition of & into two sets D and & as follows. The least 
element, LZ, is put in D; the greatest element, G, is put in &. If there is an 
element of & which has not yet been put in either D or &, let A be such an 
element. Now A must be different from A. (If A = A,thenL =AN\A 
= A/\A = Aisalready in 9.) Also, A cannot already be in 9D or in &. 
(If A is in D, for example, then A = A isin &.) We put A in D and A 
in &. Continuing recursively, we place elements in D and their respective 
complements in & until & is exhausted and the sets D, & form a decom- 
position of &. Since D and & have the same number of elements, the 
number of elements in & must be even. 


PROBLEMS 


1. Complete the proof of Theorem 2.5. 
2. Is the set {0, 1, 2} ordered by “‘less than or equal to”’ a Boolean algebra? 


3. Prove that, in any Boolean algebra, the operation “\U”’ can be expressed 
in terms of “(\” and “ ”; prove also that “\’” can be expressed in 
terms of ‘“\U” and “ ”’, 


4. Use the result of Problem 3 to write the expression 
(AUB OACUDIU(CENF) 
(a) Without the operation “U”’. 
(b) Without the operation “CY”. 


5. (a) Given a set 5 with a binary operation ‘‘*” and a binary operation 
«“~ find conditions on ‘‘*’’ and “‘~”’ which are necessary and sufficient 
for the existence of an ordering in 5 which makes 5 a Boolean algebra 
in which “‘*”’ and “‘~” are ““\U”’ and ‘‘—”’ respectively. 


(b) Similarly, characterize Boolean algebras in terms of the operations 
“\” and “—?. 


#6. Prove that each of the following conditions, on a particular pair A, B 
of elements of a Boolean algebra &, is necessary and sufficient for all 
of them. 


(a) A<B. 
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(d) There is an element C of & such that AN B< COC. 

(e) ANB<L. 

(ff) AUB>G. 

(Hint: Use Lemma 3.2, Section 4-3 and the definitions of sup and inf.) 


7. Discuss Theorem 2.7 and its proof. What is the trivial exception? 
Why does the proof not apply to this exceptional case? Which step(s) 
in the proof are not valid in this case? 


8. (a) Prove that, for every integer n > 0, there is a Boolean algebra 
having 2” elements. 


(b) Prove that there is no Boolean algebra with 6 elements. 


9. With the notation of Problem 14, Section 3-2, prove that 5, with the 
ordering relation of inclusion, is a Boolean algebra if and only if, for 
any elements A, B, C, D of 9, 


A<B=>B'<A' 


and 
(ASB)ACSDS>(A~C)S (B~ D). 


(The operation ‘‘’”’ is point-set complementation.) 


5-3 Representation in Terms of Subsets of a Set 


We have seen in Example 2.4 that the collection of all subsets of a given 
set S forms a Boolean algebra (when ordered by inclusion). Let us tem- 
porarily call such Boolean algebras set-algebras. Note that a set-algebra 
is not just a Boolean algebra whose elements are sets. It must be composed 
of all of the subsets of some set, and the ordering must be inclusion. The 
main result of this section is that every finite Boolean algebra is isomorphic 
to aset-algebra. Actually any Boolean algebra (finite or not) is isomorphic 
to a Boolean algebra of sets with the ordering relation being inclusion, and 
it can always be arranged that each of these sets is a subset of some parti- 
cular set S. (The proof is beyond the scope of this text; see reference 27.) 
However, it may be that only some of the subsets of S are used; there are 
infinite Boolean algebras which are not isomorphic to the collection of all 
subsets of any set S (Problem 5). 


THEOREM 3.1 Every finite Boolean algebra is isomorphic to the Boolean 
algebra of all the subsets of some set. 
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Proof. The proof consists of Lemmas 3.3 through 3.7 below. We shall 
need a definition and some notation. 


DEFINITION 3.2 An element A of a Boolean algebra is an atom iff X < A 
has exactly 2 solutions. 


This definition can be rephrased as follows: A is an atom if and only if 
A is different from ZL and the two elements A and L are the only solutions 
to X <A. 


The following notation will be used in the proof of Theorem 3.1. 
&: A (given) finite Boolean algebra. 
£&,: The set of all elements X of B such that X < B. 
@: The set of all atoms of &. 
@z: The set of all atoms A such that A < B. This is @ ~ &z. 


LEMMA 3.3 For any element B of &, the set &g (with the ordering in SB) 
is a Boolean algebra. Moreover, if ‘‘*’’, ““O’’, and “‘~”’ are, respectively, 
sup, inf, and complement in £3, then, for any elements C and D of £23 


C+D=CUD 
COoD=CND 
C=COB. 
(We use “WU”, “C)”, and “ ” for sup, inf, and complement, respectively, 


in 8.) 


Proof. For any elements C and D of £&z, 
C<B and D<B; 
but then 
CUDS<B. 
Thus CU Disanelement of £. Since C U D is the least of all the upper 


bounds of the set {C, D} in &, it certainly is the least of all the upper bounds 
of {C,D} in £3. Hence 


CxD=CUD. 


The proof that CO D = CQC7D is similar. Clearly the distributive 
law is satisfied in &y since it holds in &. 
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As to C, first note that, in &,, the least and greatest elements are, 
respectively, LZ and B. Moreover, for any element C of £&z, 


CU(ECNB)=CUG)NA(CUB)=GNB=B 
and 
CO (COB) = L. 
Since C (1 B is an element of £3, these two equations show that 


C=CB.E 


LEMMA 3.4 For any element B = L, of &, 
a . £» x Q. 


Proof. We must show that there is at least one atom A such that A < B. 
If B is an atom, the result is evident. If B is not an atom, there are at 
least three solutions for X < B. Let C be any solution of this inequality 
different from L and B. If C is an atom, the result is evident; if not, let 
D be a solution of X < C which is different from ZL and C. Proceeding in 
this way, since & is finite, we must arrive at an atom after a finite number 
of steps. fl 


LEMMA 3.5 For any element B of &, 
sup Qs = B. 


Proof. The case B = L is left as an exercise (Problem 2). We assume that 
B#L. The proof is by contradiction. Since @s is a non-empty finite 
set, it has a supremum; set sup @g = C and assume C ¥ B. Clearly 
C < Bsince B is one of the upper bounds of @g. Thus C is an element of 
£5. By Lemma 3.3, there is an element C of & such that 


CUC=B and COHCEH=L. 


Clearly C ¥ L, since CUL=C+# B. Thus, by Lemma 3.4, there is an 
atom A <C. Since C < B, A is an element of @z and it follows that 
A<C. Thus 

COACDA 


in contradiction to the equation C(\C = L.&l 


LEMMA 3.6 Let @’ be any subset of @ and let sup @’ = B. Then 
Ap = iga 
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Proof. The proof is by contradiction. Suppose 
@’ = {A}, Ax,..., An 
is a set of atoms for which the lemma is false. Since 
B=A,UALU->--UAh,, 

it follows that 

A,;< BQ =1,2,---,n). 
Thus 

@’ Cc Gz. 


Since, by assumption, @’ + @z, there must be an atom A,4; in @g but not 
in @’. But this contradicts the distributive law since 


Anuly\ (A,U A,U o88 \ A,) a Anuil\ B = Anti 
whereas, by Problem 3, 
(Agi 1 \ Ay) SA VAs) SOT ALG TYAS 
=LILU.---UL=L.1 


LEMMA 3.7 & is isomorphic to the Boolean algebra of all subsets of @. 


Proof. Let each element B of & correspond to the subset @g of @. We 
shall prove that this correspondence is an isomorphism. 


(i) The correspondence is one-to-one from & onto the collection of all 
subsets of @. It is evident that each element B of & determines exactly 
one subset @g of @. Let B and C be two distinct elements of &. By 
Lemma 3.5, 

B=sup@g and C = sup Qe. 


Thus @,; ¥ Qe; distinct elements of & correspond to different subsets of 
@. Finally, let @’ be any subset of @. By Lemma 3.6, B = sup @’ is 
an element of & which corresponds to @’. 


(ii) The correspondence preserves the ordering relation; that is, B < C 
in & if and only if @g C Qe. If B<C, then certainly for any atom 
A such that A < B, it must also be true that A <C. Thus 

Qe Cc Qe. 
Conversely, since 
B=sup@z and C = sup Qz, 


if (Cr Cc Qc, then B < C. 
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(iii) Since each of the special elements and operations in a Boolean 


algebra can be characterized in terms of the order relation, paragraphs (i) 
and (ii) above show that the correspondence under consideration is an 
isomorphism. ff 


This completes the proof of Theorem 3.1. ll 


COROLLARY 3.8 The number of elements in a finite Boolean algebra is a 
power of 2. 


Proof. Problem 6. f 


PROBLEMS 


. The proof of Lemma 3.4 is based on mathematical induction, but the 
inductive step is glossed over as the proof is presented in the text. Point 
out where this occurs and give the proof in the usual format for mathe- 
matical induction. 


. Prove Lemma 3.5 for the special case B = L. 


. (a) If A; and A; are two distinct atoms in a Boolean algebra &, prove 
that A;(\ A; = L. (This result was used in the proof of Lemma 3.6.) 


(b) Discuss the proof of Lemma 3.6 for the special cases n = 1 and 
n=0. Is the proof in the text valid for these cases? Is the result 
correct? 


. Consider the special case n = 1 in the proof of Lemma 3.6. Is the 
proof in the text valid for this case? If not, give an alternate proof. 


. Give an example of a Boolean algebra which is not isomorphic to a 
Boolean algebra formed by the collection of all subsets of any set with 
inclusion as the ordering relation. (Hint: Use some of the infinite 
sequences of Boolean constants.) 


. Prove Corollary 3.8. 


. With reference to part (iii) of the proof of Lemma 3.7, prove that, if 
& and &’ are Boolean algebras, and if a one-to-one correspondence from 
& onto B’ preserves the ordering relation, then this correspondence also 
preserves least element, greatest element, sup, inf, and complement. 


#8. Prove that two finite Boolean algebras are isomorphic if and only if 
they have the same number of atoms. | 
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9. Go through the steps in the proofs of Lemmas 3.3 through 3.7 for the 
special case of the Boolean algebra {&» of all Boolean functions of two 
independent variables. 


5-4 &,, as a Boolean Algebra; Applications to Logic 


We know already that 8%, is a Boolean algebra (Example 2.3). Problem 1 
is concerned with the tabular representation of the sup, inf, or complement 
of Boolean functions whose tabular representations are given. 

We have seen in earlier chapters that the correspondence between truth 
value functions and their associated Boolean functions can be used to 
transcribe statements about the algebraic structure of 8, in terms of logical 
connectives between truth value functions. Any algebraic theorem which 
holds in all Boolean algebras must certainly hold in the particular Boolean 
algebra &,, and should, therefore, give rise to a theorem of logic (tautology). 
The process is illustrated in the following examples. 


Example 4.4 For any elements A, B of a Boolean algebra &, 
AINBSASAVUVB. 
Thus, for any elements ¢, ¥ of the Boolean algebra 8, 
G°¥ SOS OU ¥. 


These relations, when transcribed in terms of the truth value functions 
which correspond to ¢ and y, give rise to the following tautologies. For 
any truth value functions f and g, 


fAg=f and f=fVg. 


Example 4.2 For any element B of a Boolean algebra &, 
BUB=G. 


Writing this equation successively in terms of elements of &,, and then in 
terms of truth value functions, we find: For any truth value function f, 


$V (Wf) 1. 
PROBLEMS 
1. Suppose that the tabular representations are given for two Boolean 


functions ¢ and y of the same independent variables. Explain how to 
obtain the tabular representations of ¢ U ¥, 61 y, and ¢. 
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2. Each of the following theorems is valid for elements of an arbitrary 


#3. 


Boolean algebra &. Obtain a théorem of logic from each of them. 
(a) A=A. 

(b) AUB=ANB. 

(c) ANB=AUB. 

dd) ANMN(BUQ) =ANBU(ANC). 

(ce) AU(BNC) =(AUBN (AYU C). 


For any element A of a Boolean algebra 8, A < G. Obtain a theorem 
of logic from this information. Contrast your work with that in 
Examples 4.1 and 4.2. 


. Obtain theorems of logic from the results of Problem 6, Section 5-2. 


5. Obtain a theorem of logic from each of the following. 


(a) Theorem 2.2, Section 5-2. 

(b) Theorem 2.5, parts (d) and (e), Section 5-2. 
(c) Lemma 3.3, Section 5-3. 

(d) Lemma 3.4, Section 5-3. 

(e) Lemma 3.5, Section 5-3. 


BOOLEAN RINGS 


6-1 Introduction 


A ring is an algebraic system composed of a set, together 
with two binary operations (called addition and multi- 
plication) on the set, in which certain postulates are satis- 
fied. There are several different (but equivalent) sets of 
postulates which can be used to characterize a ring. In 
Section 6-2, one of these sets of postulates is used to 
define a ring and some of the basic properties of a ring 
are derived. The set of postulates which we use to define 
a ring is a little different from the set which is most fre- 
quently used. Thus, even for a student who has some 
previous acquaintance with rings, the material in Section 
6-2 should be of interest since the method of approach 
will probably be different from that with which the stu- 
dent is familiar. A Boolean ring is defined, and the 
problems of Section 6-2 provide some practice in the 
techniques and methods of proof in the elementary theory 
of rings. Section 6-3 discusses Boolean rings with a unit 
element. These algebraic systems appear, at first glance, 
to have very little in common with Boolean algebras, 
but the main result of Section 6-3 is that these two types 
of algebraic systems are equivalent in the sense that any 
Boolean algebra can be thought of as a Boolean ring with 


6-2 
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a unit element and every Boolean ring with a unit element can be thought 
of as a Boolean algebra. In Section 6-4, it is shown that every finite 
Boolean ring can be represented in a particular way as a Boolean ring 
whose elements are n-tuples of Boolean constants. 


Definitions and Basic Properties 


A ring is an algebraic system which is intermediate between two others 
(group and field) in the sense that every field is a ring and every ring is a 
group. ‘The study of rings is usually preceded either by a study of groups 
or by a study of fields. Thus, in the usual presentation, a ring appears 
either as a generalization of a field or as a specialization of a group. Each 
of these algebraic systems is of major importance both in pure and in 
applied mathematics, but neither groups nor fields are required for our 
purposes in this chapter. We therefore confine our attention to rings and 
define this algebraic system directly. 


DEFINITION 2.1 A ring is a non-empty set & in which two binary opera- 
tions ‘‘+”’ and ‘“-” are defined satisfying the following conditions: If 
A, B, C are any elements of &, then 

(a) Closure: A+B and A - B are unique elements of &. 

(b) Commutativity of “+”: A+tB=B+4. 

(c) Associativity of “+”: A+(B+C)=(A+8B)4+C. 

(d) Solvability of Equations: The equation A + X = B has at least 

one solution in &. 

(e) Associativity of “-”: A-(B-C) = (A-B)-C. 

(f) Distributivity: 
A(B+C)=A-B+A-C 
(A+ B):C=A-C+HB-C. 


Several remarks are in order concerning Definition 2.1. The opera- 
tions ‘‘+” and “‘-”’ will be called addition and multiplication respectively. 
As is customary with ordinary arithmetical multiplication, the “-” will 
sometimes be omitted. Thus “A-B’ may be written as ‘‘AB’’. Accord- 
ing to Definition 2.1, addition and multiplication enjoy many of the 
properties of the ordinary arithmetical operations. However, it is impor- 
tant to notice that some properties are not mentioned. For example, 
multiplication is not required to be commutative and there is no explicit 
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mention of special elements with properties analogous to those of the 
numbers 0 and 1. We shall prove, as a theorem, that the analog of zero 
must exist in every ring, but there may be no analog of the number 1, as 
is shown by Example 2.2 below. Condition (a) of Definition 2.1 is really 
included in the statement that addition and multiplication are binary 
operations defined on &, but it is stated explicitly because of its importance 
in some of our proofs. Note also that each of conditions (a) through (f) 
is to hold for arbitrary elements A, B, C of &. For example, condition 
(d) may be stated: For any elements A and B of &, there is at least one 
element X of R& such that A + X = B. 


Example 2.2 The set of all even integers (positive, negative, and zero) is 
a ring with the usual arithmetical operations of addition and multiplication. 


Example 2.3 The set of all 2 X 2 matrices is a ring with matrix addition 
and multiplication. 

The student familiar with the rudiments of matrix theory will recognize 
that, for every positive integer n, the set of all n X n matrices is a ring 
with matrix addition and multiplication. The special case of the 2 x 2 
matrices will suffice for the purposes of this example. In this special 
case, the definitions are as follows. A 2 X 2 matrix A is a square array 


of 4 numbers. 
a b 
4=(F 3) 


The numbers a, b, c, d are called the elements of the matrix A. Two 
matrices are equal iff their elements are respectively equal. Matrix addi- 
tion and multiplication are defined by 


(: V+ (5 a(t co 
c od g h} \etg dth 
(° ‘y € 4 _ bog bg aft+ “a 
c d g h} \eet+tdg ef +dh 


Example 2.4 The set {0,1} of Boolean constants is a ring with the opera- 
tions of addition and multiplication defined in the following tables. 


+/0 1 - 10 1 
0}; 0 1 0|;0 0 
] 1 0 1/0 1 


and 
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Example 2.5 The set of all n-tuples of Boolean constants is a ring with 
the operations of addition and multiplication defined by 


(a, Q2,..., An) + (fi, Bo, ..., Bn) = (a, + Bi, a2 + Be,..., Qn + Bn) 


and 


(au, 2,00 Qn) * (Bi, Bo, cy Bn) = (ay + Gh, az: Ba, ty On Bn). 


In these equations the operations “+” and “-” appearing in the right 
members are to be interpreted as those of Example 2.4. For example, 


(1, 0,0) + (1, 1,0) = ©, 1, 0) 
and 
(1, 0, 0) : (1, 1, 0) = (1, 0, 0). 


The next two theorems show that, in any ring there is an element with 
properties analogous to those of the number zero. 


THEOREM 2.6 In any ring & there is a unique element 0 such that, for 
all elements A of R, A +0 = A. 


Proof. It is easy to see that there cannot be two different elements, both 
of which satisfy the conditions of the theorem. If 0; and 02 each satisfy 
these conditions, then 


O, = 0: + O02 = O2 + 01 = Ov. 


Thus the element 0 is unique, provided it exists. 
To prove existence, choose any element Ay in &. By condition (d) 
of Definition 2.1, the equation 


Apt X = Ao 


has at least one solution. Let 0 be any solution of this equation, and let 
B be any element in &. We must show that B +0 = B. Again apply- 
ing condition (d) of Definition 2.1, we find an element C of & such that 


Ay t+C = B. 
Then 
B+0=(4,+C)+0=C+4+(4.+0) =C+A.= 8.4 


Since the element 0 of R whose existence was proved in Theorem 2.6 
has properties analogous to those of the number zero, no confusion should 
arise from denoting them both by the symbol ‘0’. However, the reader 
is reminded that the symbol ‘“‘0”’ has been endowed with several different 
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meanings, and a little care will be required to keep all these meanings 
properly sorted out. 

The proof of Theorem 2.6 shows that, for any element Ao of &, the 
equation Ayo + X = Ao has a unique solution. This remark will be used 
in the proof of the following theorem. 


THEOREM 2.7 For any element A of a ring &, 
A:0 =0=0.-A. 
Proof. Since 
A+LO=A, 


we may multiply by A, first on the left, and then on the right, and use the 
distributive law to obtain 


A‘A+A0=A:°-A 
and 
A-A+0-A =A-A. 
Thus each of A-0 and 0-A is a solution of the equation 
A-A+X=A-A. 
By the remark immediately preceding this theorem, 
A-0=0=0-A.] 
(Caution: It can happen that AB = 0 even when A #0 and B #0; 
see Problem 2b.) 


We close this section with three definitions. The exercises which follow 
will provide some acquaintance with the fundamental properties of these 
concepts. 


DEFINITION 2.8 An additive inverse of the element A of a ring & is any 
solution of the equation A + X = 0. 


It follows from Problem 6 that each element in a ring has a unique 
additive inverse. We shall denote the additive inverse of A by ‘“—A”’. 


DEFINITION 2.9 A unit element of a ring & is an element 1 of & (if it exists) 
such that, for each element A of &, 


A-l=A =1.-A. 
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A ring may have a unit element, or it may not. Problem 1 asks for 
examples of rings with and without a unit element. Since the definition 
of a unit element requires it to have properties analogous to those of the 
number one, we shall use the symbol ‘‘1”’ for a unit element in a ring. 


DEFINITION 2.10 A Boolean ring is a ring & such that, for each element 
A of &, 
A:-A=A. 


PROBLEMS 


1. Find two examples of a ring with a unit element and two examples of 
a ring with no unit element. 


2. (a) Can there be two different unit elements in a ring? 


(b) Give an example of two elements A, B in a ring & such that 
A #0,B+#0, AB=0. Can & be a Boolean ring? 


3. Find two examples of a Boolean ring. 
4. Find an example of a Boolean ring with no unit element. 
5. Prove that, for any element A of a Boolean ring &, 

n= A, 


(The exponent n is a positive integer and indicates successive multi- 
plication.) 


6. For any elements A, B of a ring &, prove that the equation 
A+XxX=B8B 
has a unique solution in &. The solution of this equation is denoted 
by B — A. 
7. Prove that, for any elements A, B of a ring &, 
A-—-B=A-+(-—B). 


(The ‘‘—” on the left member is the operation of Problem 6; the ‘‘— 
in the right member denotes the additive inverse; this result shows 
that these two operations in an arbitrary ring are connected in the 
same way as the analogous operations on real numbers. Thus, no 
confusion need result from using the same symbol to denote these two 
different operations.) 


) 
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#8. Prove that, for any elements A, B of a Boolean ring &, 
AB+ BA =0. 

[Hint: Consider the expression (A + B)(A + B).] 

#9. For any element A of a Boolean ring &, show that 
A= —A., 
That is, each element in a Boolean ring is its own additive inverse. 
#10. Show that, in a Boolean ring, multiplication is commutative. 
11. Simplify the expression 
A — (A?4+ B — A8)(84 AC? — A2?C) + ABC(A + B+ 0C) 
where A, B, C are elements of a Boolean ring. 


12. (a) Show that there is a Boolean ring with exactly one element, and 
that any two Boolean rings, with one clement each, are isomorphic. 


(b) Show that there is a Boolean ring with exactly two elements, and 
that any two Boolean rings with two elements each, are isomorphic. 


(c) Show that there is no Boolean ring with exactly three elements, 
but show that there is a ring with three elements. 


6-3 Boolean Rings with a Unit Element are Equivalent to Boolean Algebras 


The two theorems of this section prove the equivalence of the algebraic 
systems mentioned in the title of the section. We shall prove that, in 
any Boolean algebra %, it is possible to define two binary operations ‘+’ 
and ‘‘-”’ so that & becomes a Boolean ring with a unit element. Conversely, 
in any Boolean ring & with a unit element, it is possible to define an 
ordering relation so that R becomes a Boolean algebra. Some further 
properties of this equivalence are mentioned in the problems. 


THEOREM 3.1 Let & be a Boolean algebra. Then & becomes a Boolean 
ring with a unit element if the binary operations “‘+” and “-” are defined 
in B by 


A+B=(AUB)O (AUB) 
and 


A-B=AC\B. 
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Proof. We must show that the operations ‘‘+” and ‘-”’ satisfy the condi- 
tions of Definitions 2.1 and 2.10, and that there is a unit element. We 
shall prove here only conditions (c) and (d) of Definition 2.1. The re- 
mainder of the proof is left. as an exercise (Problem 1). 

Associativity of ‘‘+”: From the definition of “+” in Theorem 3.1, 
we find 


A+ (B+ C) 
={AU[(BUC)N(BUOON{AULBUQN (BUC). 

Using the distributivity of “\U” over “A” and De Morgan’s Laws, the 
right member may be written as 

(AUBUOC)N(AUBUQNIAU[BOACU(BNO)}}. 
Now we apply the associative law inside the curly bracket, and again 
distribute “UU” over “(\” to obtain 

(AAUBUQN(AUBUON [AUBN(AUCOU(BNC)}. 
We apply the distributive law to the material in the curly bracket twice 
more in succession. The first application gives 
(AUBUC)N(AUBUSD) 
MNI(AUBU(BONOC)OALAUQU(BNC))} 
and the second application results in 
(AAUBUQNAUBUON(AUBUB) 
IVADGRBOOINGAYOCUBDMGAUCEYUO. 
Since 
(AUBUB)=G4 and (AUCUC) =G, 

these two expressions may be dropped from this repeated inf; we have 
shown 
A+ (B+ C) 

=(AUBUOQN(AUBUONAUBUQN(AUBYUSC). 


The expression (4A + B) +C is treated similarly. The successive 
results are as follows. 


(A+B)+C 
={(AUB) A(AUBIJUCNI[AUBAUAUBIUC 


=(AUBUQN(AVUBUON [AN BUANB]UC 


=(AUBUQN(AUBUQONIANDV[AUAN (BUC) 
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=(AVUBUQON(AUVUBUDQ 
MIATA BU(AUOCALIOABU(BUC)} 


=A BIOMNAPGRYOMUAVAY® 
N(BUAUOQN(AUBUO)N(BUBUSO) 
SAS BOON AVBOIOMAVBVUORAWEY ©. 
Thus 
A+(B4+Q =(A+B4+C. 


Solvability of equations: If A and B are any clements of &, we shall 
show that the element 


XN =(AUB)O(A UB) 
is a solution of the equation A + Y = B. By direct computation, we find 
A+ [(AUB)OA(AU B)] 
={AULAUB A(TUBO{[TU[A UB OA (AU B)}} 
={(AUAUBN(AUAUBIO{[AU(ANBU(ANB)} 
=(AUB)AGNI{AU(ANB)} 
=(AUB)N(AUA)O (AUB) 


=(AUB)N(AUB) =(ANAUB=BA 


THEOREM 3.2 Let ® be a Boolean ring with a unit element. Then & 
becomes a Boolean algebra if the ordering relation ‘“<”’ is defined in R by 


A<SBoaA-B= A. 
Proof. It is evident that “<” is a relation on & since, for any elements 
A, B of &, the expression 
A - 2 = A 


is a sentence. To prove that “<” js an ordering relation, note that, if 
A is any element of &, then 4-4 = A. Thus 


A<Ae#l1, 
and “<” is reflexive. If A < B and B < A, then 
A=A-B=B-A = BR. 
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Thus ‘‘<” is antisymmetric. If A < B and B < C, then 
A:C = (A:B)-C=A-(B-C) =A-B=A. 


Thus ‘‘<”’ is transitive. Since “‘<”’ is reflexive, antisymmetric, and transi- 
tive, it is an ordering relation. 


To show that the ordered set & is a lattice, it suffices to prove 
sup {A,B} = A+ B+AB 
and 
inf {A, B} = AB. 
We find 
A(A+ B+ AB) =AA+AB+ AAB=A+AB-+AB. 


But AB + AB = Osince each element of a Boolean ring is its own additive 
inverse. Thus 7 


A(A + B+ AB) =A. 
Similarly, 
B(A + B+ AB) = B. 
Hence 
A<A+B8B+AB and B<A+B+AB; 


FIGURE 3.1 Correspondence between Operations, Re- 
lations, and Special Elements of a Boolean Algebra and 
a Boolean Ring with a Unit Element. 
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that is, A + B+ AB is an upper bound for {A, B}. If C is any upper 
bound for {A, B}, then AC = A and BC = B, thus 


(A+B+ AB)C = AC+ BC+ ABC =A+8B+AB 
so that 
Ar B+ AB AC, 
proving that A + B+ AB = sup {A, B}. The proof that inf {A, B} = 


AB is similar, and is left as an exercise. (Problem 2). 


It is easy to see that 1 and 0 are, respectively, the greatest and least 
elements in & since, for any element A in &, 


A-1=A and 0-A =0. 
Moreover, 1 + A is a complement of A since 
AMN\(1+A)=A(14+A)=A+A=0 
and | 
AU(Il+A)=A+(4+A4)+A(14+ 4A) 
=A+IT+A+A4+A4 
=1+(A+A)+ (A+ 4) 
=14+040=1. 


The proof that ‘7’ distributes over ‘‘U”’ is left as an exercise (Problem 
2). Since & is a complemented, distributive lattice, it is a Boolean 
algebra. fl 


For reference purposes, we give a table (Fig. 3.1) showing the corre- 
spondence set up by Theorems 3.1 and 3.2 between the operations, rela- 
tions, and the special elements of a Boolean algebra and a Boolean ring 
with a unit element. 


PROBLEMS 


1. (a) Complete the proof of Theorem 3.1 by showing that the remaining 
conditions of Definitions 2.1 and 2.10 are satisfied, and that there is 
a unit element. Which element of & becomes the element 0 of the 
Boolean ring? 


(b) Supply a reason for the validity of each of the steps in rewriting 
the expression (A + B) + C in the proof of Theorem 3.1. 


#2. 


#5. 


£7, 
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(c) Try to discover some system in the procedure for rewriting 
A+ (B+ C) and (A + B) + C in the proof of Theorem 3.1. Why 
were the steps performed in the particular order shown in the text? 


(d) Provide a reason for the validity of each of the steps in the proof 
of the solvability of equations in Theorem 3.1. 


(a) Prove that inf {A, B} = AB as stated in the proof of Theorem 3.2. 


(b) Complete the proof of Theorem 3.2 by showing that the lattice R 
is distributive. 


. Check that the corresponding operations and elements are given cor- 


rectly in Figure 3.1. 


. (a) Write the expression A U (BOC) U D in terms of addition and 


multiplication. 


(b) Write the expression A + [B — C(A + B)]in terms of “VU”, “7Y’, 
and aa aa 


Prove that every finite Boolean ring has a unit element. (Hint: Use 
the ideas in the first part of the proof of Theorem 3.2.) 


. The correspondences set up in Theorems 3.1 and 3.2 are reciprocal to 


each other in a certain sense as indicated in the two parts of this 
problem. 


(a) Let & be a Boolean algebra and let R be the Boolean ring with a 
unit element obtained by defining “+” and ‘“-” in & as in Theorem 
3.1. Show that the ordering relation defined in & as in Theorem 3.2 
is the original ordering relation in &. 


(b) Let R be a Boolean ring with a unit element and let & be the 
Boolean algebra obtained by defining an ordering relation “<<” in R 
as in Theorem 3.2. Show that the binary operations “+” and ‘“-”’ 
defined in & as in Theorem 3.1 are the original addition and multi- 
plication in &, respectively. 


Apply the definitions of the binary operations “+” and ‘-”’; as given 
in Theorem 3.1, to the special case of the Boolean algebra &,, of all 
Boolean functions of n independent variables. Show that, for any 
elements ¢ and y of &%,, and for any Boolean constants aj, ae, ... , Qn, 


1, iff d(a, ae, ..., @n) 
% (a1, Q2,..., An) 
O, iff d(a, ao, ..., Gn) 


= (a, a2,..., An) 


(C = Y) (a1, We, ee ey On) = 
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1, iff (a1, 2,-2.2 Qn) = 1 


oe and Y(a, QQ, os oy Qn) =] 
(p ¥) (on, oes an) 7 0, iff (ay, 2, .. 6, Qn) = 0 
or wW(ay, a,...,Qn) = 0. 


#8. (a) Prove that if we define the operations ““+” and “-” in &, as in 
Problem 7, and define the operations ‘“‘+” and ‘-’’ between Boolean 
constants as in Example 2.4, then, for any elements ¢@ and y of &,, 


and for any Boolean constants aj, a2,..., Qn, 
(¢ =I Y) (a, 2,26 Qn) xe o(a, G2, ey Qn) a0 ¥(a1, 2, + + + y Qn) 
and 


(o-¥) (a1, a2, ..., An) = b(a1, a2,..., An) -Wlai, de, ..., An). 


(b) If two Boolean functions ¢ and y are given by their tabular 
representations, explain how to obtain the tabular representations for 
the Boolean functions ¢ + w and ¢-y. 


6-4 Representation of a Finite Boolean Ring in Terms of n-tuples of Boolean Constants 


In Problems 7 and 8, Section 6-3, we have gained some acquaintance with 
the Boolean ring formed by the set &, of all Boolean functions of n inde- 
pendent variables. A Boolean function of n independent variables may 
be thought of as a 2*-tuple of Boolean constants — namely, the 2” entries 
in the tabular representation of the function. As we have seen in Example 
2.5, the set of all n-tuples of Boolean constants also forms a Boolean ring. 
The main result of this section is that these are essentially the only finite 
Boolean rings; every finite Boolean ring is isomorphic to the ring of all 
n-tuples of Boolean constants for some n. 


THEOREM 4.1 If & is any finite Boolean ring, then (for some non-negative 
integer n) R is isomorphic to the Boolean ring of all n-tuples of Boolean 
constants. 


Proof. The proof consists of Lemmas 4.2 through 4.7 below. We shall 
use the following notation in these lemmas. 


R: a (given) finite Boolean ring (with a unit element, by Problem 5 
Section 6-3). 


®@: the Boolean algebra obtained from & by the definition 
A<BeAB=A. 
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The operations “WU”, “C\’, and “”’ in the Boolean algebra & will be 
used in the proof as well as the operations ‘‘+”’ and “-” in the ring &. 
@ = {A;, Ao,..., An}: the set of all atoms in 8; that is, all elements 
A of & such that X < A has exactly two solutions. Note that 
A, A2,..., An are atoms; we shall use A or B for an arbitrary element 


of &. 


At some places in the proof we shall assume that & has at least two 
elements; the case where & contains exactly one element is left as an 
exercise (Problem 1). 


LEMMA 4.2 For any atoms A,, A; of &, 


Proof. From Problem 2, Section 6-3,. 
Ai-Aj = Ail” Aj. 


Evidently, if A; = A;, then A;(\ A; = A;. If A; X A; then, since each 
of A; and A; is an atom, the only lower bound of {A;, A;} isO. Thus 


Aif\ A; = 0.8 
LEMMA 4.3 For any atom A,, 
A; < Art Agt... An. 


Proof. From Lemma 4.2, 
Ai:-(Ai t+ A2ot...+An) =O04+04+...+4A:4+...4+0 = Ai. 
Thus, from the definition of the ordering relation “<”’, 


A:<Ar:tAzt+...+An.f 


LEMMA 4.4 For any element B ~ 0 of &, there is an atom A; such that 
A: <B. 


Proof. This is just a restatement of Lemma 3.4, Section 5-3. 4 


LEMMA 4.5 The sum of all the atoms in & is the unit element in 8; that is 
Ay+ Aot...+ A, = 1. 
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Proof. Set 
B=A,+A2t+...+ 4, 
We shall show that, for each atom A;, 
A,;<Bs0. 

It. will follow from Lemma 4.4 that B = 0, and that 

Ait A:+...+4,=B=1. 
The proof is by contradiction. If it were true that A; < B, then 

Ai>B=A:+ A+... + An. 
It would follow that 

A: VA; > AiC\ (Ay + Ao +... + Az). 
But A; A; = L, whereas, by Lemma 4.3, 
A; (\ (Ai + Aot... + An) = Ay, 

which would lead to the contradiction 


L> A," 


LEMMA 4.6 For any element A of &, there is a unique n-tuple of Boolean 
constants (a1, a2, ..., @n) such that 


A =a,A,; taedo+...ta,An. 


Proof. For each 1(1 <2< nn), ACV A: < A; Thus ACA; is either 0 
or Ax. Set 


Then 
A=A:1=A(Ai: + Ag+... + An) = a1 A1 + a2 Ao +... tan An. 
If 
a, A; + a2Ae+...+a,An = A = B Ai + Bo Ao t... + Ba An, 
then, for each 7 (1 <2 < n), 
a; A; = Ala, Ay + a Ag+... ban An) 
= A,(@: Ar + Be Ao t+... + Bn An) = Bi Ai. 
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Hence a; = 8;, and the n-tuple of Boolean constants (a1, a2,...,@n) 18 
uniquely determined by the element A and the conditions of the lemma. fl 


LEMMA 4.7 The correspondence of Lemma 4.6 between an arbitrary 
element A of & and an n-tuple of Boolean constants (a1, a2, ..., @) iS an 
isomorphism between & and &,, where &, is the Boolean ring of all 
n-tuples of Boolean constants. 


Proof. By Lemma 4.6, the correspondence is one-to-one between & and 
some subset of &,. Evidently it is onto &, since, if (a1, a2,..., an) 18 
any n-tuple of Boolean constants, then 


A =a, A; + ag Aot... tanAn 


is an element of & which corresponds to this particular n-tuple. 

To complete the proof, we must show that the correspondence preserves 
the ring operations “+” and “:” in R and R,. If A and B are any ele- 
ments of &, and if 


A a,A, tacAct...+a,An 
and 


B 


Bi Ai + Bp Ag+... + BrAn, 
then 

A+ B= (a + Bi)Ai + (a2 + Bo)A2 +... + (an + Ba)An 
where, for each 27 (1 <7 < n), 


alien ee 
in accordance with the table in Example 2.4, Section 6-2. Also, 

A-B = (a Ai + agA2+...+ an An) (Bi Ai + Be Ao +... + Ba An) 
a By Ay + az Bo Ag +... + an Br An 


where, for each 7 (1 <7 <n), 


I, if a; =1= 8; 
0, otherwise 


ai pi = 
in accordance with the table in Example 2.4, Section 6-2. ll 
This completes the proof of Theorem 4.1.4 


Note that we have proved that the integer n mentioned in Theorem 4.1 
is the number of atoms in the Boolean algebra &. 
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PROBLEMS 


1. (a) Prove Theorem 4.1 in the special case where ® has exactly one 
element. Is the proof in the text valid for this case? If not, where 
does it break down? 


(b) In this special case, is it again true that the integer n mentioned 
in the theorem is the number of atoms in the Boolean algebra & con- 
structed in the proof? 


2. (a) Prove that, for every finite Boolean ring R, the number of elements 
in & is a power of 2. 
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(b) Prove also that, for every non-negative integer n, there is a Boolean 
ring with 2” elements. 


. (a) Prove that the set of all n-tuplec of Boolean constants, with the 
relation ‘‘<” defined by 


(a1, a2, ..., On) < (Bi, Be, ..-., Bn) < For each i (1 <i <n), 
a; 18 less than or equal to 8;, 
is a Boolean algebra. 


(b) Prove in two ways that each finite Boolean algebra is isomorphic 
to the Boolean algebra in part (a) (for some non-negative integer 7). 
(Hint: A proof can be based on Theorems 3.1 and 4.1; an alternate 
proof can be based on Theorem 3.1, Section 5-3.) 


. Give an alternative proof of Theorem 4.1 based on Problem 5, Section 
6-3, Theorem 3.2, and Problem 3(b). 


. (a) Show that, in general, there is more than one isomorphism between 
a given finite Boolean ring and the Boolean ring of all n-tuples of 
Boolean constants. 


(b) Are there any special cases where this isomorphism is unique? 
(c) How many different isomorphisms are there in the general case? 


. Figure 4.1 defines two binary operations ‘‘+” and “-’ in the set 
{a, b, c,d, e, f,g, h}. The set with these operations is a Boolean ring; 
find an isomorphism between this ring and the Boolean ring of all 
n-tuples of Boolean constants for some integer n. 


NORMAL FORMS, DUALITY 


7-1 Introduction 


Early in the study of high school algebra, the student 
learns how to “simplify” an algebraic expression. Some- 
times elaborate rules are formulated to tell which of two 
equivalent expressions is the simpler; sometimes the 
student is left to decide from his own common sense which 
of two alternate forms is to be preferred. It is usually in 
the study of the calculus that the student first appreciates 
that the simplification of an expression may be both 
difficult and important, and that two expressions which 
appear, at first, to be completely unrelated may, in the 
end, turn out to be identical. 

The simplification of expressions in a Boolean algebra 
is also of importance. As we shall see in the next chapter, 
such expressions are of interest in the design of electrical 
networks for various purposes. In this connection, simpli- 
fication of an expression may lead to a substantial saving 
in the cost of the electrical hardware used to obtain a 
particular result. Unfortunately, different viewpoints 
lead to different criteria for the simplicity of expressions 
in a Boolean algebra, and, in most cases, there is no simple 
procedure for reducing a given expression to its simplest 
form. 


7-2 
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Two standard forms for expressions in a Boolean algebra & are pre- 
sented in Séction 7-2. It will be evident that these forms may not be the 
simplest possible, and, in general, an element of & does not uniquely deter- 
mine either one of these forms. A specialization, to obtain uniqueness, is 
presented in the problems. This specialized standard form can be used to 
decide whether or not two given expressions represent the same element. 

In Section 7-3 the ring operations ‘‘-++”’ and ‘‘-”’ are used instead of the 
operations ““U”’, “CY”, and ‘© ” of a Boolean algebra. A standard form is 
presented for expressing an element of a Boolean ring, with a unit element, 
by applying the ring operations to certain base elements. Again, in 
general, an element does not uniquely determine its ring standard form. 

In Section 7-4, the results of Sections 7-2 and 7-3 are specialized to 
apply to the Boolean algebra &%,, and it is shown that, in this special case, 
each element uniquely determines each one of the three standard forms. 

Finally, in Section 7-5, the important principle of duality is presented 
and a few of its applications are indicated. 


Disjunctive and Conjunctive Normal Forms 


Let Ai, Aso, ..., An be n distinct elements (not necessarily atoms) of a 
Boolean algebra &. We say that an element A of & is expressible in terms of 
the elements A), Ae, ..., Aniff the element A is the result of applying a finite 
sequence of the operations “\U”’, “C\’, or “ ” to (some of the) elements 
Ay, Ao,..., An. In this section we discuss two special forms in which an 
element may be expressed in terms of Aj, A2,..., An. The main result of 
the section is that if an element is expressible in any way in terms of 
A,, Az,..., An, then it is expressible in each of these two special forms. 
The question of the uniqueness of these representations is also discussed. 
We shall need some definitions. The terminology introduced in these 
definitions can be motivated by recalling that the operations “\U”’ and “7” 
are sometimes referred to as disjunction and conjunction, respectively. 


DEFINITION 2.1 An elementary conjunction based on A,, A2,..., An IS an 
expression 
BON BoOV... OV B, 


where, for each i (1 <i < n), Bi is either A; or Ay. 


Notice that not every conjunction of the elements A; is an elementary 
conjunetion. An elementary conjunction based on Aj, A2,...,An 1S a 
conjunction of exactly n elements; the first of these elements is either A, 
or A;; the second is either A» or A»; and so forth. Moreover, we are con- 
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cerned here with the form in which an element is expressed, and not with 
the element itself. For example, A; Ae is an elementary conjuction 
based on Ai, As, but if we choose to set C = A, Az, then, of course, 
C is the same element as A; (\ As, but the expression “C” is not an ele- 
mentary conjunction based on A, Az since the form in which it is written 
does not satisfy the requirement of Definition 2.1. We shall usually omit 
the quotation remarks around the name of an expression; for example, we 
shall denote both the element C and the expression “C”’ simply as C. The 
context will make clear which meaning is intended. 


DEFINITION 2.2 A disjunctive normal form based on Aj, Ao,..., An 1S a 
disjunction of a finite number of distinct expressions each of which is an 
elementary conjunction based on A,, A2,..., An. 


The two elementary conjunctions Bj (1) BoO\...01\ B, and Ci, 1 C20) 
...0\C,, are distinct iff, for at least one value of 7, B; ¥ C;. Note that 
it is possible for two distinct elementary conjunctions to represent the 
same element of & (Example 2.3c). 

Here, again, our interest is in the form in which an element is written, 
and not in the element itself. 


Example 2.3 (a) The expression 
(A B)U (ACB) 
is in disjunctive normal form based on A, B. It is also in disjunctive nor- 


mal form based on A, B, ete. 


(b) The expression (A (\G)U A is not in disjunctive normal form 
based on A, G. The same element may be written as 


(AIVG)U (ANG) 
and here it is in disjunctive normal form based on A, G. 


(c) The expressions A (\G and AMG are two distinct elementary 
conjunctions based on A, G; yet A(ING = L=AN\G. 


(d) Consider the empty subset @ of &; the expression 
U@ 


is in disjunctive normal form based on any set of clements of & since every 
element of @ (there are none!) is an elementary conjunction based on these 
elements. Of course, every clement of & is an upper bound for the set @. 
Thus U @ = L, and we conclude that L ean be expressed in disjunctive 
normal form based on any sct of elements. 
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THEOREM 2.4 If A is any element of a Boolean algebra & and if A is 


expressible in terms of the elements Aj, Ao, ..., An, then A can be written 
in disjunctive normal form based on A, Ao, ..., An. 
Proof. Consider any expression giving A in terms of Aj, Ao,..., An. By 


successive use of DeMorgan’s laws and the equation B = B, we can express 
A in a form in which the operation “ ” is applied only to the individual 
elements Aj, A2,..., An. That is, we can arrange that the operation 
«” does not follow any application of the operations “\U” or “CY”, nor 
does it follow any application of itself. Thus, we may confine our attention 
to expressions formed by application of the two operations ‘““U” and “(7Y’”’ 
to the elements Aj, do,..., An, 41, A2,..., An. The proof proceeds by 
induction on the total number of occurrences of these elements in the parti- 
cular expression. If there is only one such occurrence, the expression must 
be either A; or A;. It is left as an exercise (Problem 3) to show that each 
of these elements can be written in disjunctive normal form based on 
A,, Aa, eney Ax. 

Next, consider an element E represented by an expression & in which 
the elements Ay, Ao,..., An, Ai, Ao,..., An occur a total of m times 
(m > 1), and assume that any expression with fewer than m occurrences 
can be put in disjunctive normal form. The expression & must be in one 
of the two forms 


PUD or PHA 


where each of f and 2 is an expression with fewer than m occurrences of 
the elements A;, Ao,..., An, Ai, Ao,...,An. We consider these two 
cases separately. 

If & is in the form P LU Q, then, by the induction hypothesis, each of 
the expressions ? and 2 can be written in disjunctive normal form and, 
when this is done, the new expression for ? V 2 expresses E in disjunctive 
normal form. 

If & is in the form f M Q, then, again, each of ? and 2 can be written 
in disjunctive normal form and, by the distributive law, # can be written 
as a disjunction of terms each one of which is a conjunction of an elementary 
conjunction from with an elementary conjunction from 2 (Problem +4). 
A typical one of these terms would be the conjunction 


T= (BLO Bo... .0V Br) OA 0 O20...) 


where, for each 7 (1 < 7 < n), B; is either A; or Ai, and C; is either A; or 
A,. If, for each i (1 <i < n), C; = B;, then T is equal to the elementary 
conjunction B,(\ Bof’...7\B,. Hf, for at least one 71,C; ¥ B;, then 
T =L. Thus E can be written as a disjunction of terms each one of which 
is either the element Z or is an elementary conjunction based on A), Ao, ..., 
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An. The occurrences of the element L may be simply dropped from this 
disjunction without changing the element which it represents. Thus E 
can be written as a disjunction of elementary conjunctions based on 
A, Ag, wet Me _ An. 


The proof of Theorem 2.4 actually supplies a constructive procedure 
for writing an element A in disjunctive normal form if some expression 
representing A is given. The algebraic manipulations can usually be 
performed a little more simply by a different procedure, as illustrated in 
the following example. 


Example 2.5 Write the element 
[AN (BUCA[BU (AUO)] 
in disjunctive normal form based on A, B, C. 


STEP 1. Use DeMorgan’s laws and the equation D=Dto arrange that 
the operation ‘* ” is applied only to A, B, or C. 


[AN (BUOQJO[BU (AUC) =[AU(BNOIN[BON AUC). 


Step 2. Use the distributive law to write the result of step 1 as a dis- 
junction in which each of the terms is a conjunction of some of the elements 
A, B,C, A, B,C. Simplify by eliminating repetitions and dropping the 
element L from the disjunction. 


[AU (BN O)IO[BN (AUC) 
=[AU(BONO]N[(BN A) U(BNOC)] 


= (AN BNA)U(ANBOAC)U (BAGABOA)U(BOACNBNC) 
=LU(ANBADU(ANBOOU(BNDO 
=(ANBONC)U(ANBND)U (BNO. 


Strep 3. For each term of the result of step 2 which is not already an 
elementary conjunction based on A, B,C, write that term as the inf of 
itself and G with G written in a form suitable for that particular term. 
Again use the distributive law and simplify. In the present example, 
BC) C is the only term which is not already an elementary conjunction 
based on A, B,C. Since we require an occurrence of A or A in this term, 
we write it as [((A U A) M (BQO O)] obtaining 


(ANBAQUANBOAOULAUAN(BND 
=(AMNWBAC)U(ANBNC)U(ANBNAOU(ANBNC) 
=(AMBAC)U(ANBNDYO). 
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We turn now to the question of uniqueness of the disjunctive normal 
form for a particular element. We have seen that, for each element A of 


Q@ which is expressible in terms of Ai, Ao,..., An, there is a set 9 of ele- 
mentary conjunctions based on A), Ao, ..., An such that 
A=U S58. 


We inquire whether or not the set 5 is uniquely determined by A and 
A,, A2,..., An. A simple necessary and sufficient condition is given in 
the next theorem. 


THEOREM 2.6 Let A be expressible in terms of Aj, Ao,..., An. The 
disjunctive normal form for A based on Aj, Ao,..., An is unique if and 
only if the element L cannot be written as an elementary conjunction 
based on A;, Ao... An. 


Proof. It is easy to see that if L can be written as an elementary conjunction 


based on Aj, Ao,...,An, then no disjunctive normal form based on 
A, Ao,..., A, can be unique. In fact, if S is any set of elementary con- 
junctions based on A, Ao,...,An, the elementary conjunction repre- 


senting L could be either included in 5 or excluded from it without chang- 
ing the element represented by the expression \ 9. 

Conversely, suppose there are two different disjunctive normal forms 
based on Ai, Ao,..., An which represent the same element. Say 


US,=US&, 


with a particular elementary conjunction B, | Bo... 8B, in & but 
not in Se. Then 


(BiO BO... OO Bir) O(U 8) = (Bi BO... Ba) O(U 82). 


Using the distributive law, and noting that two elementary conjunctions 
must either be identical or else their inf must be L (Problem 5), the last 
equation reduces to 


BN BO...0.\B, = L.A 


An interesting and important extension of these results is given in 
Problems 9 and 10. We conclude this section by stating a sequence of 
definitions and theorems which are analogous to the results we have 
developed. 


DEFINITION 2.7 An elementary disjunction based on Ay, As,..., An 18 an 
expression 
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B,UB,U...UB, 
where, for each 7 (1 <2 < n), B; 1s either A; or Ax. 


DEFINITION 2.8 A conjunctive normal form based on Aj, Ao,..., An 18 a 
conjunction of a finite number of distinct expressions each of which is an 
elementary disjunction based on A, Ao,..., An. 


THEOREM 2.9 If A is any element of a Boolean algebra & and if A is 
expressible in terms of the elements A), A2,..., An, then A can be written 
in conjunctive normal form based on Ay, As,..., An. 


Proof. Problem 7a. § 


THEOREM 2.10 Let A be expressible in terms of Aj, A2,..., An. The 
conjunctive normal form for A based on A,, Ao2,..., An 1S unique if and 
only if the element G cannot be written as an elementary disjunction based 
on Aj, Ao,..., An. 


Proof. Problem 7b. fl 


PROBLEMS 
1. Find a disjunctive normal form based on A, B,C, for each of the 
following. 
(a) A. 
(ib) AUBUC. 


() AU{BOA[CU AM B)]f. 


2. Find a conjunctive normal form based on A, B,C, for each of the 
elements in Problem 1. 


3. (a) Prove that, for each 7 (1 <7 < n), A; can be written in disjunctive 
normal form based on Ai, Ao,..., An. 


(b) Prove also that A; can be written in disjunctive normal form 
based on Aj, As,..., An. 


4. Let f and 2 be two expressions in disjunctive normal form based on 
Ay, Ao,..., An. Prove that the element ? M 2 is the disjunction of 


#9. 
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the set of all elements which can be written as a conjunction of an 
elementary conjunction of with an elementary conjunction of 2. 


. Prove that two elementary conjunctions based on A,, Ao, ..., A, must 
be identical or their inf must be L. 

. Let A and B be expressible in terms of Ay, A2,...,An. Prove that 
if the disjunctive normal form for A based on Aj, Ao2,..., Anis unique, 
then that for B is also unique. 

. (a) Prove Theorem 2.9. 


(b) Prove Theorem 2.10. 


. Would an exhaustive table of disjunctive normal forms be of any help 


in finding a conjunctive normal form? 


Let X be a Boolean algebra containing elements A, Ao,..., An such 
that each element of & has a unique disjunctive normal form based on 
A,, Ao,..., An. Prove each of the theorems (a) through (c) below. 


(a) Each atom of & is an elementary conjunction based on A,, Ao, 
oe 


(b) Each elementary conjunction based on A;, Ao,..., A, is an atom 
of &. (Hint: Use Lemma 3.4, section 5-3, and Problem 5.) 


(c) Bis isomorphic to the Boolean algebra &, of all Boolean functions 
of n independent variables. (Hint: Use Problem 8, Section 5-3.) 


These results show that if there exist elements 4), As,..., A, in B 
such that disjunctive normal forms based on Aj, A2,..., An are unique, 
then & is isomorphic to &,. We shall see in Section 7-4 that the con- 
verse of this result is also correct. 


#10. Let Ai, Ae,...,An be elements of a Boolean algebra &. A dis- 


11. 


junctive normal form for A, based on A, A2,..., An is said to be 
minimal iff it involves fewer elementary conjunctions than any other 
disjunctive normal form for A, based on A, A2,.,.., An. Prove that 
if A is expressible in terms of Aj, Ao,..., An, then there is a unique 
minimal disjunctive normal form for A based on A, Ao,..., An. 
(Hint: Use the ideas in the proof of Theorem 2.6.) 


(a) Let a, b, and c be three distinct objects, and let & be the Boolean 
algebra of all subsets of the set S = {a,b,c}. Prove directly that if 
A,, As,..., A, are elements of & such that every element of & can 
be written in disjunctive normal form based on A,, Ao,..., An, then 
these disjunctive normal forms are not unique. 
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(b) Let & be the Boolean algebra of all ordered quintuples of 
Boolean constants. Set A; = (1,0,1,0,1), Az = (1,0,0, 1, 0), 
As = (1,1,0,0,1). Find all the disjunctive normal forms for the 
element A = (0, 1,0, 1, 0) based on Ay, Ag, As. 


7-3 The Ring Normal Form 


In Section 7-2 we have developed standard forms for expressing an element 
of a Boolean algebra using the operations “WU”, “C\’, and “ ” of the 
Boolean algebra. In this section we consider a standard form using the 
ring operations “+” and “-”, Let & be a Boolean ring with a unit ele- 
ment; that is, R is a Boolean ring associated with some Boolean algebra 
as discussed in Section 6-3. Intuitively, the ring standard form is obtained 
by “multiplying out and simplifying” using the special rules for algebra in 
a Boolean ring, but we shall need a more explicit definition. 


DEFINITION 3.1 An elementary monomial based on the elements 1, Aj, Ao, 
..., A, of a Boolean ring & is either 1 or an expression 


As AS éo:5Ae where << ica < 4. 


DEFINITION 3.2 An elementary monomial based on the elements Aj, Ag, 
...,A, of a Boolean ring ® with a unit element (none of the A; is the unit 
element) is an expression 


Ai,Ai, SoNe A;, where 11 < le Re oath. Re ie 


The more important case is that of Definition 3.1 where the unit element 
is included among the base elements. The subsequent results in this 
section will be stated for this case only; the case where the unit element is 
not included in the base elements is considered in Problems 7 and 8. 


DEFINITION 3.3 A ring normal form based on 1, Ai, Ao,..., An is either 0 
or a sum of distinct elementary monomials based on 1, Aj, A2,..., An. 


Just as in the discussion of the disjunctive normal form in Section 7-2, 
we are concerned with the particular form in which an expression is written 
and not merely with the element of & which that expression represents. 
Two elementary monomials 


Ai,Ai, ee A; and A;,Aj ses A;, 
are distinct iff either r # s or there is a k such that Ai, 4 A x. 
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Example 3.4 Each of the following is in ring normal form based on 1, 
A, B,C. 


(a) A+ B. 

(b) B+ A. 

(c) 1+A+ ABC. 
(d) A+ AB+4 ABC. 


Example 3.5 None of the following is in ring normal form based on 1, 
A, B,C. 


(a) B+ 0. 

(b) A+ AB+ A. 
(c) C+ ABA. 

(d) BA. 


It is natural to inquire which elements of R can be expressed in ring 
normal form based on a particular set of elements, and under what cir- 
cumstances each element of R determines a unique ring normal form. The 
first of these questions is answered in Theorem 3.6. A partial answer to 
the second question is given in Theorem 3.8; a complete answer will be 
found in Section 7-4. We shall say that an element A of & is expressible 
in terms of 1, Ai, Ao,..., An iff the element is the result of applying a 
finite sequence of the operations ‘‘+”’ or ‘-’’ to (some of) the elements 
L Any Age otis, Age 


THEOREM 3.6 If A is expressible in terms of 1, Ai,..., An, then A can be 
written in ring normal form based on 1, Aj, A2,..., An. 


Proof. Having given an expression which represents the element A and 
which involves only the operations ‘‘+’’ and ‘-” and the elements 1, 
A,, Ao,..., An, the distributive law enables us to write A as a sum of 
monomials (but not necessarily elementary monomials). The commuta- 
tive and associative laws for multiplication, together with the laws 


B?=B and 1-B=B, 


allow us to reduce each of these monomials to an elementary monomial. 
Finally, the commutative and associative laws for addition, together with 
the laws 

B+B=0 and B+0= 8B, 
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enable us to eliminate repetitions among the elementary monomials, thus 
expressing A in ring normal form based on 1, Ai, Ao,..., An. 


The steps in the proof of Theorem 3.6 are illustrated in Example 3.7. 
The algebraic manipulations required to put a given expression in ring 
normal form are frequently simpler than those required in the reduction to 
disjunctive normal form. ‘This simplicity is one of the main advantages of 
the ring normal form. The reader should compare the work of Example 
3.7 with that of Example 2.5. 


Example 3.7 Write the element 
(A+ B) (1+ C)AB+ (A+B+C) (14+ A) 
in ring normal form based on 1, A, B,C. 
Step 1. Applying the distributive law, the element may be written as 
A1AB+ ACAB+ BIAB+ BCAB+ A1+ B1+4+C1+ A?+ BA +CA. 


Step 2. The commutative and associative laws for multiplication, 
together with the laws D? = D and 1-D = D, enable us to reduce this 
expression to 


AB+ABC+AB+ABC+A+4+B+C+4+A+AB4 AC. 


STeP 3. Finally, application of the commutative and associative laws 
for addition, together with the laws D + D = 0 and D + 0 = D, gives the 
following ring normal form. 


B+C+AB+4+ AC. 


We come now to the question of uniqueness of the ring normal form. 
Of course, the order in which the elementary monomials are written in a 
ring normal form is irrelevant; we shall say that the ring normal form for A 
based on 1, Ai, As, ..., An is unique iff the element A of R determines a 
unique collection of elementary monomials, based on 1, Ai, Ao,..., An, 
whose sum is A. 


THEOREM 3.8 If every element A of & has a unique ring normal form based 
on 1, Ai, Ao,..., An, then ® has exactly 2°” elements. 


Proof. The proof consists in counting the number of elementary monomials 
based on 1, Ai, A2,..., An, then counting the number of sets of these 
elementary monomials. Since each element of & has a unique ring normal 
form, the number of clements in & is the same as the number of sets of 
elementary monomials. 
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CouNTING THE ELEMENTARY Monomiats: The expression 1 is an 
elementary monomial. Any other elementary monomial is a product 


A,Ai... Ai, where 1<y<we<... <4 <n. 


If we remove the inequality restrictions between the subscripts, there are 
r! different orders in which a particular set of r different factors can be 
written. Also, every product of r different factors from Aj, A2,..., An 
can be arranged in exactly one order so that the inequality restrictions 
between the subscripts are satisfied. Thus, if we count the number of 
products of r different factors and divide by r!, we shall obtain the number 
of products of r factors with the inequalities satisfied. For r different 
factors, the first factor may be chosen in n ways, the second in n — 1 ways, 
and so on; finally, the last (rt) factor can be chosen in n — r + 1 ways. 
Thus, the number of products of r different factors is n(n — 1)... 
(n — r + 1), and the number of elementary monomials of the form A;,A;, 
‘ Ais is 
n(n — 1) (n — 2)...(n-—r+1) 
r! 


The total number of elementary monomials is 1 (for the expression ‘‘1’’) 
plus the number of elementary monomials of the form A;, plus the number 
of elementary monomials of the form A,,A;,, etc. That is, 


n n(n—1) . n(n — 1)(n — 2) nt 
reget 2! - 3! ee 


By Problem 6, this sum is 2”. 


CouUNTING THE SETS OF ELEMENTARY MonomIALs: The set S of all 
elementary monomials has 2* elements; we want to count the subsets of S. 
We can choose a subset of S by deciding, for each element of S, whether to 
include that element or exclude it. Since, for each element of S, we have 
a choice between two alternatives, and there are 2" elements of S, the total 
number of ways in which these choices can be made is 22”. 8 


We shall see in the next section that, if R has 2?” elements, then it is 


possible to choose elements 1, A,, A2,..., An of R so that each element A 
of ® has a unique ring normal form based on 1, Aj, Ao,..., An. 
PROBLEMS 


1. Express each of the following elements in ring normal form based on 
the elements 1, A, B, C of a Boolean ring &. 


(a) A(A + B) (A+ B+C). 


#4. 


45. 
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(b) 1+ A)14+B)1+0C). 
(c) (1 +A) + (1 + A+B) 04+ 4A44+B4+0). 
(4) (1+ A) (1+ AB) (1+ ABC) (A+B+4+C). 


. (a) Prove that if the element A has a unique ring normal form based 


on 1, Ai, Ao,..., An, then the elements 1, A;, A2,..., An are different. 


(b) Give an example of a Boolean ring & containing n + 1 different 
elements 1, A;, Ao,..., An such that there is an element A of R with 
two different ring normal forms based on 1, Aj, A2,..., An. 


. Show that, for any elements 1, Ai, Ao,..., An of R, the element 0 is 


expressible in terms of 1, Ai, A2,..., An. 


Show that a necessary and sufficient condition that an element A of 
RR has a unique ring normal form based on 1, Aj, A2,..., A, is that A 
is expressible in terms of 1, Ai, Ae,..., An, and the expression ‘0’ is 
the only ring normal form for the element 0, based on 1, Ai, Ao,..., An. 


Let B and & be, respectively, a Boolean algebra and the Boolean ring 
associated with it as in Section 6-3, and let A,, A2,..., A, be elements 
of B (and R). Prove that A is expressible (by “WU”’, “”, and ‘“ ”’) 
in terms of Aj, Ao,..., An if and only if A is expressible (by ‘‘++”’ 


and “‘-’’) in terms of 1, Ay, Ao,..., An. 
. Prove that 
n n(n—1). n(n — 1)(n — 2) n! 
1+ —-+ ———— 4+ —- + ....4+ —= 2% 
7 1 ss 2) ™ 3! o a n! 


[Hint: Expand (1 + 1)” by the binomial theorem. ] 


. Extend the definitions and theorems of this section to ring normal forms 


based on elements Aj, As,..., A, different from the unit element. 
(Hint: The analog of Theorem 3.8 is as follows: If every element A 
of & has a unique ring normal form based on Ay, Ao,..., An, then R 
has exactly 2?'—! elements.) 


. (a) Consider the Boolean ring & of all ordered triples of Boolean 


constants. Find n elements Ay, Ao, ..., An of R, such that every 
element A of & has a unique ring normal form based on A, Ao, ..., An. 
(b) In part (a), is the set {A1, Ao,..., An} unique? Is the integer n 
unique? 


. In the Boolean ring & of all ordered triples of Boolean constants, show, 


by direct computation, that there is no set of elements A,, Ao,..., An 
such that every element A of ® has a unique ring normal form based 
on 1, A, Aa, ae An. 


Ey 


cm Ba VAY, <n, 


=) 


1 1 ] 1 ] 1 
1 0 it 0 1 0 
0 ] 0 0 1 0 
0 0 0 0 1 1 
] i 0 0 1 0 
] 0 0 1 1 0 
0 1 i 0 0 0 
0 0 i 0 0 ] 


FIGURE 4.1 


10. (a) In the Boolean ring & of all ordered pairs of Boolean constants, 
find a set of elements A, Ao,..., A, such that every element A of R 
has a unique ring normal form based on 1, Ai, Ao, ..., An. 


(b) Do part (a) for the ring of all ordered quadruples of Boolean 
constants. 


#11. Prove that if every element A of a Boolean ring & has a unique ring 


normal form based on 1, Aj, As,..., An, then R is isomorphic to the 
ring obtained from the Boolean algebra &,, of all Boolean functions of 
n independent variables, by the process of Theorem 3.1, Section 6-3. 


7-4 Normal Forms in &,, 


We have seen (Problem 9, Section 7-2 and Problem 11, Section 7-3) that 
the only cases in which normal forms might be unique involve the Boolean 
algebra %, of all Boolean functions of n independent variables. In this 
section we consider this Boolean algebra ‘%, and the Boolean ring R 
obtained from {, as in Theorem 3.1 of Section 6-3. We show that there 


are n elements gy, ¢,..., dn of B, such that every element ¢ of &, has a 

unique disjunctive normal form based on qi, ¢2,..., ¢n. Moreover, every 

element ¢ of & has a unique ring normal form based on 1, qi, ¢2, .. . , On- 

(Here ‘‘1’’ denotes the Boolean function which is identically equal to 1.) 
The set {d1, ¢2,.--., ¢n} of Boolean functions is not unique (Problem 3), 

but we shall find it convenient to use the functions defined by 

(*) pi (an, 2, +2 ey Qn) = Qj. (2 = ie 2, coy n) 


Figure 4.1 shows the tabular representations of these functions, and of the 
function 1, for the special case of three independent variables &, &, és. 
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THEOREM 4.1 Every element ¢ of &, has a unique disjunctive normal form 
based on the functions ¢y, ¢2,..., ¢, defined by Equation (*). 


Proof. By Lemmas 3.5 and 3.6, Section 5-3, any element of a Boolean 
algebra is uniquely expressible as a sup of atoms. The atoms of &%, are 
the Boolean functions which take on the value 1 exactly once. The proof 
will be completed by showing that these atoms in &, are uniquely expres- 
sible as elementary conjunctions based on qi, ¢o,...,¢n. In fact, these 
elementary conjunctions are of the form 


Wi lV P20... O° —Un 


where, for each 7 (1 <7 < n) ¥; is either ¢ or ¢;. Any given atom in &, 
determines a unique row in the tabular form where the atom takes on the 
value 1. This row determines a unique set of values (a, a2, ..., an) for 
the n independent variables, and this set of values determines a unique 
elementary conjunction by setting 

_ Shi fa; 
(0G, 6if a: 


It is left as an exercise to show that 
Yi OY’ po M1 ‘ Vn 


I 
— 


Vi 


I 
© 


expresses the given atom, and that this is the only elementary conjunction 
which does so (Problem 4). ff 


Example 4.2 Find the disjunctive normal form, based on qi, ¢2, ¢3, for the 
function @ whose table of values is shown in Fig. 4.2. The elementary 


FIGURE 4.2 


116 NORMAL FORMS, DUALITY 7-4 


conjunction ¢; (\ ¢: (\ ¢3 represents the atom with its “‘1”’ in the first row. 
Similarly, @: (\ de OC’ d3 and ¢; (\ de (\ $3 represent the atoms with a ‘‘1”’ 
in the 4th and 7th rows, respectively. Thus, 


b= (ANN $3) U (AN OA $3) U (AO BO $3). 


We turn now to the ring & obtained from &%,. We shall continue to 
use the notation ¢; for the special functions defined by Equation (*) and 
we shall be interested in the ring operations ‘‘+-”’ and “‘-”’ as well as in the 
Boolean algebra operations ‘\U”’, “CY”, and “*”’. 


THEOREM 4.3 Every element ¢ of & has a unique ring normal form based 
on the functions 1, ¢, de, ... , dn. 


Proof. From Theorem 4.1, every element ¢ of & is expressible (by the 
operations ‘\U”’, “(7)”, and ““ ”’) in terms of ¢1, ¢2,...,¢n. By Problem 5, 
Section 7-3, ¢ is expressible (by the operations ‘‘+” and “‘-’’) in terms of 1, 
di, d2,--.,¢n- It follows from Theorem 3.6, Section 7-3, that ¢ can be 
expressed in ring normal form based on 1, qi, ¢2,..., On. 

It remains to show that the ring normal form is unique. By Problem 4, 
Section 7-3, it suffices to show that the expression ‘‘0” is the only ring 
normal form for the element 0. Suppose there is a different ring normal 
form for 0. From the elementary monomials in this normal form, choose 
one, say 


Pi, Pig... Hi, 
which involves a minimum number of the functions ¢y, ¢2,...,@n. For 
the set (a), a2,..., @n) of Boolean constants defined by 
ee 1, for t= ty, 2,06 25 ty 
me 0, otherwise, 


the monomial ¢:,,¢:,, . . . ¢:,, has the value one, and each of the other ele- 

mentary monomials in this normal form has the value zero. Thus this 

normal form cannot represent the function 0, since its value at (a, az, 
.., Qn) is one. fi 


PROBLEMS 


1. Four Boolean functions, xu, Ye, v3, Ys, each of three independent vari- 
ables, are defined by the table in Fig. 4.3. Express each of these func- 
tions in disjunctive normal form based on the functions ¢1, de, ¢3 of 
this section. 


FIGURE 4.3 a um 


2. (a) Express each of the functions ¥, ~2, Ys, 4, of Problem 1, in ring 
normal form based on 1, qi, ¢», $3. 


(b) Express each of the functions YW, ¥2, v3, ¥4, of Problem 1, in con- 
junctive normal form based on qi, ¢», $3. 


3. Find a set of Boolean functions {W, Yo,..., nr}, different from the set 
{di, g2,.-., bn} such that every element of &, has a unique disjunctive 
normal form based on yy, Yo, ... , Wn: 


4. Complete the proof of Theorem 4.1. 


5. (a) Prove that the elementary monomial 1 cannot appear in a ring 
normal form for zero based on 1, ¢1, ¢2,...,¢n. Does the proof given 
for Theorem 4.3 cover this case? 


(b) Find a set of elements Yi, Yo, ..., ¥, of B, such that the elementary 
monomial 1 does appear in a ring normal form based on 1, fu, Yo, ... , Wn. 


6. Prove that each element ¢ of &, has a unique conjunctive normal form 
based on qi, $2, .. . , Pn: 


7-5 Duality 


The principle of duality is usually introduced quite early in the study of 
Boolean algebras since it enables some proofs to be given very easily. For 
example, our results on conjunctive normal forms would follow immediately 
from those on disjunctive normal forms. We have purposely left the dis- 
cussion of duality to the last, and have posed as exercises many of the 
theorems whose proofs could have been given by means of this principle. 
It is our hope that, in doing these exercises without the principle of duality, 
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the student will have carefully thought through the proofs of the companion 
theorems in the text. In fact, the better students will certainly have dis- 
covered the principle of duality through these exercises. For this reason, 
we give only a brief discussion of it here. 

The principle of duality is based on a certain symmetry in the axiom 
system defining a Boolean algebra. This symmetry can be seen in the 
characterization of a Boolean algebra given in Theorem 2.6, Section 5-2. 
Suppose we interchange the operations ‘“‘*”’ and “‘O©”’’, and interchange the 
special elements P and Q in each of the conditions (a) through (f) of The- 
orem 2.6, Section 5-2. In this process, only condition (e) is changed and, 
by Theorem 3.6, Section 4-3, it is changed into a requirement which is 
equivalent to the original condition (in the presence of the other conditions). 
Thus, after the interchanges have been made, the conditions still char- 
acterize a Boolean algebra. In the usual notation, we have interchanged 
“\” with “CV’, and L with G. 

Now consider any theorem in a Boolean algebra &. If we interchange 
“UO” with “CV” and L with G in the statement of this theorem, the result 
will still be a theorem, called the dual of the original theorem. A proof of 
this dual theorem can be obtained by making the interchanges in the proof 
of the original theorem, both in the steps of the proof and in the reasons 
for these steps. An illustration is given in Example 5.1 where the proofs 
of two dual theorems are presented. | 


Example 5.1 In parts (a) and (b), proofs are presented for two very simple 
dual theorems. Only the steps of the proofs are given; the reasons are to 
be supplied as an exercise (Problem 3). 


(a) THEroreEM: If A and B are elements of a Boolean algebra, then 
AU(ANB)\UL=AUB. 
Proor: AU (AM B)\UL=AU (ANB) 
= (AU A)N (AUB) 
=G/\(A UB) 
= AUB. 
(b) THEoreEm: If A and B are elements of a Boolean algebra &, then 
AN\ (AUB) NG=ANNB. 
Proor: AN (AUB)NG=AN (AUB) 
= (A\A)U (ANB) 
=LU(ANB) 
= ASB. 
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We shall see in the next chapter that the principle of duality is also of 
interest in connection with the applications of Boolean algebra. It allows 
us to choose between two formulations for many problems. 


PROBLEMS 


1. Use the duality principle to obtain our results on conjunctive normal 
forms from those on disjunctive normal forms. 


2. Is there a principle of duality in a lattice? If so, what is it? 


3. Supply the reasons for the steps in the proofs of Example 5.1. Are the 
reasons for corresponding steps dual to each other? 


4. Prove that if an element A of a Boolean algebra can be expressed (by 
the operations “WU”, “O’, and ‘“ ” in terms of the elements Aj, Ao, 
...,An, then A can also be so expressed and, in fact, an expression for 
A can be obtained by interchanging “\U” with “MM” and A; with A; 
(@=1,2,...,n). 


5. Let E(L, G, Xi, Xe,..., Xn) and F(L, G, Xi, Xe,..., Xn) be two 
' formal expressions formed from the symbols L, G, Xi, Xe,..., Xn by 
applying the operations “WU”, “(\”’ and “ ”. Let E’(G, L, Xi, Xo, 

., Xp) and F’(G, L, X1, Xo, ..., Xn) be the expressions obtained from 
E and F respectively by interchanging “WU” with “CY” and ZL with G. 
Now let L and G be, respectively, the least and greatest elements of a 
Boolean algebra &. Prove the following theorem directly, without 
using the duality principle. 


THEOREM: If 
E(L, G, Bi, Bo, ..., Bn) = F(L, G, Bi, Be, ..., Bn) 
for all choices of elements B,, B2,..., B, of B, then 
E'(G, L, Bi, Bo,..., Bn) = F'(G, L, Bi, Be, ..., Bn) 


is similarly valid. (Hint: Apply Problem 4 to the equation E(L, G, 
B,, B,, ose y B,) — F(L, G, By, B,, ce ey B,).| 


6. For any element A of a Boolean algebra, A\V A = G. What can be 
inferred from this by means of the principle of duality? By Problem 4? 
By Problem 5? 


SOME APPLICATIONS 
OF BOOLEAN ALGEBRA 


Introduction 


Boolean algebra originated with the work of George Boole 
in the middle of the 19th century. He discussed the 
abstract rules governing the use of the logical connectives 
A, HV, “OO” ete. For about a century, his work 
remained of interest mainly to logicians, but, in the middle 
of the 20th century, with the mushrooming growth of the 
computer industry, Boolean algebra became of importance 
to many scientists and engineers. The abstract mathe- 
matical system which Boole developed proved to be 
applicable to the design of computers and of electrical 
networks for various purposes. In Sections 8-2 and 8-3 
we present an introduction to some of these applications. 
The mathematical ideas and procedures which we present 
are among those which are currently being used for design 
purposes, but the electrical hardware we mention is hope- 
lessly inadequate for use in computers. We consider only 
the simplest of electrical hardware so that the discussion 
will be understandable to a student with no electrical 
background. Moreover, even if we were to present the 
latest advances in electrical hardware, the material would 
become obsolete in a very few years. The mathematical 
structure has proved to be more enduring. In Section 8-4 
we consider some applications in the field of logic. 


FIGURE 2.1 


8-2 Applications to Electrical Networks 


In this section we consider certain networks which have two terminals and 
which are composed of switches connected in various ways. An example 
is shown in Fig. 2.1. 

A switch, as we shall consider it, is a very simple electrical device which 
has exactly two mutually exclusive states. A switch is either closed (allow- 
ing current to pass) or open (not allowing current to pass). We shall say 
that a closed switch is in state one and that an open switch is in state zero. 
In our figures, all switches will be depicted as being open. We shall use 
lower case letters as labels for switches, and shall use the corresponding 
capital letters as the states of the respective switches. Two switches may 
be coupled so that they are always in the same state; in this case, we use 
the same letter as the label for both of the switches as in Fig. 2.1. Two 
switches may be coupled so that they are always in different states; in this 
case, we shall label one of the switches a, for example, and the other one G. 
The states of these two switches would be A and A respectively. We shall 
say that a network is in state one iff it allows current to pass between its 
terminals (i.e. iff the terminals are electrically connected); a network is in 
state zero iff it does not allow current to pass between its terminals 
(terminals not electrically connected). A visual indication of the state 
of a network can be obtained by closing the network by a return line con- 
necting its two terminals and putting a light bulb and a battery in this 
return line. The light will be on if and only if the network is in state one. 

We shall be interested in the following three types of problems: 

(1) Given a network, find all of the states of the respective switches so that 
the network is in state one. (2) Given a network, find, if possible, a 
simpler equivalent network; that is, find a simpler network which will be in 
the same state as the original network, no matter what states are assigned 
to the respective switches. (3) Given a number of switches, and a collec- 
tion of assignments of states to these respective switches, find a network 
which will be in state one iff the assignment of states to the switches is one 
of the given ones. Examples 2.1 through 2.3 illustrate these three types 
of problems. 
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Two simple networks are shown in Fig. 2.2. Results concerning these 
simple networks will be useful in connection with the more complicated 
networks we shall consider. In Fig. 2.2a, the two switches a and 6 are 
connected in series. It is easy to see that this network is in state one iff 
A = 1 and B = 1; the network is in state zero iff Ad = 0Oor B= 0. If we 
make use of the Boolean algebra & composed of the set {0, 1} with the 
usual ordering, the state of this network may be written as 


AT’ B, 


Similarly, a necessary and sufficient condition for the network of Fig. 2.2b 
to be in state one is that A = lor B = 1. In the Boolean algebra &, the 
state of this network is 


AX B. 


We shall confine our attention to networks which can be built up by 
successive series or parallel connections. There are networks, of great 
practical importance, which cannot be obtained in this way, but we shall 
not consider them. 


Example 2.1 Which states of the respective switches a, b, c, d, involved in 
the network of Fig. 2.1, are such that the network is in state one? 


Solution: The network of Fig. 2.1 can be obtained by connecting the two 
networks of Fig. 2.3 in parallel. These two networks can be further broken 
down into still simpler ones and the results concerning the two simple net- 
works of Fig. 2.2 may be applied to express the states of these networks in 
terms of the states of the respective switches. The state of the network 
of Fig. 2.3a is thus found to be 


(ANS OLY, 
while the state of the network of Fig. 2.3b is 
(BO D)UDIOB. 


FIGURE 2.2 


(a) (b) 


FIGURE 2.3 


FIGURE 2.4 


Since these two networks are to be connected in parallel, the state of the 
network of Fig. 2.1 is 


[(AUQONBY {(BOD) UDI OB}. 


A necessary and sufficient condition for the network to be in state one is 
that the value of this expression is one, in the Boolean algebra &. This 
work is continued in Example 2.2. 


Example 2.2 Find a simpler network which is equivalent to the network 
of Fig. 2.1. 


Solution: From Example 2.1, the state of the network of Fig. 2.1 is 
(AUQ ABU (BO D)UDO B}. 


The expression in the curly bracket simplifies to B(\ D. The commuta- 
tive and distributive laws then give 


(A UC) AO B]U (BOD) 
= [(AUC)NB]U (DAB) = (AUCUD) OB. 


The network of Fig. 2.4 has this state, and is much simpler than the one 
shown in Fig. 2.1. A necessary and sufficient condition for the network to 
be in state one is that b be closed and at least one of a, c, d be closed. 
Unfortunately, there is no convenient procedure for obtaining the 
simplest form for an expression in the Boolean algebra &, nor even for 
testing an expression to see whether or not it can be simplified. Thus, 
much of the work in replacing a network by a simpler one will depend on 
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individual ingenuity in simplifying the Boolean expression for the state of 
the network. 


Example 2.3 In a committee of three members, each member has control of 
one of the three switches a,b,c. An issue is to be decided by a simple 
majority vote, and each member votes on the measure by closing his switch 
if his vote is ‘‘yes’”’ and opening his switch if his vote is ‘‘no”’. Design a 
network which will be in state one if and only if the measure passes. 


Solution: The measure will pass if and only if it receives exactly three votes 
or exactly two votes; moreover, the two votes for the measure could occur 
in any one of three different ways. It is now easy to see that the measure 
will pass iff one of the following four mutually exclusive sets of conditions 
is satisfied. 


A=B=C=1. 
A=B=1,C= 
A=C=1,B=0. 


B=C=1,A=0. 


These four conditions can be rephrased, respectively, as 


ANBNC =1. 
AINVBIVE = 1, 
ALTER IVOG SH, 
ANBNC =1. 


A necessary and sufficient condition for the measure to pass is that at least 
one (and, therefore, exactly one) of these conditions be satisfied. Thus, 
the measure passes iff 


(ANBOAC)UANBOCUANBAQUANBNDY) = 


FIGURE 2.5 
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But this means that the Boolean expression 
(AMBOAC)IU(ANBIAQCUANBNQODU(ANBNC) 


gives the state of the desired network since the network must be in state 
one if and only if this Boolean expression has the value one. 

A network whose state is given by this Boolean expression is shown in 
Fig. 2.5; Problem 1 asks for a simpler equivalent network. 


PROBLEMS 


1. Find a simpler network which is equivalent to the network of Fig. 2.5. 


2. For each of the networks shown in Fig. 2.6, find a necessary and suffi- 
cient condition that the network be in state one, and find a simpler 
equivalent network. 


3. The game of ‘“‘matching switches” is played by two people. Each one 
controls a switch. Design a network which will be in state one iff the 
switches match (both switches open, or both switches closed). 


4. (a) In a committee of four men, each man has control over one of the 
switches a, b, c,d. Each man closes his switch if he votes in favor of a 
certain measure and opens his switch if he votes against it. Design, 
and simplify, a network which will be in state one if and only if the 
measure passes (on a simple majority vote). 


(b) Do part (a) if the chairman (controlling switch c) is still given a 
vote and, in case the vote results in a tie, his vote is used to break the tie. 


(c) Do part (a) if the chairman has veto power in addition to his vote 
and his power to break ties. 


5. A small corporation has 100 shares of stock; each share entitles its owner 
to one vote. The shares are owned by five people in the amounts of 
45 shares, 25 shares, 15 shares, 10 shares, and 5 shares respectively. In 
a vote which is to be decided by a % majority, each man has a switch 
which he closes to vote ‘‘yes’’ for all his shares and opens to vote “‘no”’ 
for all his shares. Design, and simplify, a network which will be in 
state one iff the measure passes. 


6. Would it be possible to change our definitions of the states of switches 
and networks so that state zero indicates that current 7s allowed to pass 
and state one means that current is not allowed to pass? What changes 
would this entail in the Boolean function giving the state of a network 
in terms of the states of the switches in the network? Do Problem 3 
with these new meanings for states one and zero, and compare the work 
with your earlier solution. 
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FIGURE 2.6 


FIGURE 3.1 


8-3 Applications to Computer Design 


In this section we shall consider networks with several terminals, one of 
which is labelled the input terminal, while the rest are output terminals 
(Fig. 3.1). An output terminal is in state one iff it is electrically connected 
to the input terminal; otherwise, the output terminal is in state zero. We 
shall use networks of this type to design an extremely crude computer, but, 
first, we shall need to discuss a different system of notation for writing 
integers. 

We shall consider only the integers from zero through seven, but it will 
be evident how to extend the notation to include all integers. The integers 
from zero through seven will be labelled by a code as shown in Fig. 3.2. 
Each code symbol consists of an ordered triple of the digits 0 or 1. The 
integer represented by a certain code is found by computing the following 
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sum (ordinary addition): The number of ones (2°) given by the right digit, 
plus the number of twos (2') given by the middle digit, plus the number of 
fours (27) given by the left digit. Since the number two is used in this code 
in the same way as the number ten is used in our ordinary notation for 
integers [recall that 367 = 3(107) + 6(10!) + 7(10°)], this code is called the 
binary notation. As is customary, we shall omit the zeros in the left posi- 
tion, and shall omit them in the middle position for the integers zero and 
one. Binary notation is frequently used in computer design because only 
two digits appear in the binary system (the Boolean constants 0 and 1), 
and many electrical devices have exactly two states. 

Addition of numbers in the binary system is easily accomplished by 
noting that 


0+0=0, 04+1=14+0 1, 
1+ 1 = 10 (0 and 1 to “carry’’). 


Three addition problems are shown below. In Example 3.1, we design 
an electrical network which could be used to add integers in the binary 
notation. 

10 11 1 


101 tL JL 
111 110 110 


Example 3.1 Design a network for adding integers using binary notation. 


Solution: Suppose we are given two numbers, each written in binary nota- 
tion, say Az A; Ap and B, B, Bo, where A; and B; are the binary digits in 
the two numbers. Let us denote the binary digits in the sum of these two 
numbers by D;. Thus, we shall consider the following addition problem 
(if it is possible). 

Az A, Ao 


Be B, Bo 
Dz D, Do. 


Remember, we are confining our attention to integers between zero and 
seven, so the sum D, D, Dy must be one of these numbers, otherwise we are 
not interested in the problem. Of course, the network we design must 
indicate, in some way, which problems we should reject because the sum 
is too big. 

First, let us design a network which will give us the information we want 
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to obtain from the digits Agand By. There are two things we want to know. 
What is the digit Do? 
Is there a one to “‘carry’’? 


To standardize the situation, we shall consider that we always ‘‘carry”’ 
a digit, but sometimes the digit which is “carried” is zero. Let us use Co 
for the digit which is “‘carried”’ from the right position to the middle posi- 
tion. Then we want a network involving switches ao, bo, Go, bo, and with 
two output terminals, dy) and co, whose states are Dy and C), respectively. 

From the binary addition table, we see that Dp is one iff one of Ao and 
By is one and the other is zero. Thus 


Do ie, (Ao (\ Bo) U (Ao ( B,). 
Similarly, Co is one iff both A») and By are one. Thus 
Co =— Ao (\ Bo. 


It is now easy to see that the network of Fig. 3.3 gives the information 
desired from Ay and Bo. 

Now let us turn our attention to the middle digits of the numbers in 
our addition problem. We shall use Co, Ai, and B, to determine D, and 
C, (C, is the digit “carried” from the middle to the left position). Thus 
we want a network involving switches qa, Gi, b;, etc. and having two output 
terminals, d; and c,, whose states are D, and C,, respectively. 


We find (Problem 1) 
Dy = {Ar 0 [(Bi 0 Co) U (BO Oy)]} U {AO (BO Go) U (Bi O Co)]} 


and 
C; = [Ay (\ (B, LJ Co) | U (B, (\ Cg): 


The network is shown in Fig. 3.4. In our crude computer, we must 
observe the value of Cy from the network of Fig. 3.3, and then manually 
set the switch co which appears in the network of Fig. 3.4. Of course, in a 


FIGURE 3.3 


FIGURE 3.4 


practical computer, different electrical devices would be used, and the 
computer itself would do this “‘carrying.”’ 

It is evident that the network of Fig. 3.4, with each subscript increased 
by one, could be used in combining the left digits A, and B, with the “carry” 
C, from the middle digits. The states of the two output terminals, D. and 
C2, would be interpreted as follows. We are interested in the problem iff 
C. = 0; in that case, Dz is the left digit of the sum. Problem 2 suggests a 
different interpretation of these output states. 


PROBLEMS 


1. Show that the expressions given for D; and C, in Example 3.1 are correct. 


2. (a) Show that, by using an ordered quadruple of Boolean constants 
instead of the triple discussed in the text, it is possible to write all the 
integers zero through fifteen in binary notation. 


(b) Show that the output state C2, in the computer designed in Example 
3.1, may be considered as the leftmost digit in an ordered quadruple 
thus enabling the computer to add any three-digit binary numbers. 

In actual operation, a computer usually makes some further use of 
the numbers which it computes. If these numbers become too big to 
fit in the registers of the machine, the program for the machine must 
take account of this fact. 


FIGURE 3.5 


3. In Fig. 3.4, the switch b; is connected in series with a; in two different 


places (i.e. two copies of switch b,; are used). We might attempt to 
eliminate this duplication by using only one copy of the switch b; and 
replacing the network of Fig. 3.4 by that shown in Fig. 3.5. Show that 
the two networks are not equivalent. 


. Find Boolean expressions for the states of the two output terminals in 
the network of Fig. 3.1. Find a simpler equivalent network. 


. Let Az A; Ao and By B,; By be two integers between zero and seven, 
inclusive, written in binary notation. Design a network, involving 
switches ao, Go, ai, etc., and having three output terminals g, e, and l. 
Arrange that g is in state one iff 


Az Ai Ao > Be B, Bo; 
e is in state one iff 

Az A; Ao = Be B, Bo; 
l is in state one iff 

Az A; Ao < Be B, Bo. 


. A student takes a quiz with 3 true-false questions for which the correct 
answers are “True”, ‘True’, ‘“‘False’’, respectively. The student has 
three switches a, b, c, one for each of the questions. For each question, 
he closes the switch if his answer to the question is “True”, and opens 
the switch if his answer to the question is ‘‘False.”” Design a network 
with 4 output terminals no, 7, N2, m3, such that, for each 7 (0 <7 < 3), 
n; is in state one iff the student answers exactly 7 of the questions 
correctly. 
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7. With reference to Problem 6, design a network with two output ter- 
minals, d and e, so that the number of questions the student answers 
correctly will be given by DE, in binary notation. (D and E are the 
states of d and e, respectively.) 


8-4 Applications to Logic 


In this section we shall consider the solution of a system of m equations in 
n independent variables in a Boolean algebra, and shall consider a method 
of solving certain problems of the logical-puzzle type. We shall make 
formal use of the results of Chapter 7. 

Let X,, Xo, ..., X, be n independent variables, each with a given (but 
arbitrary) Boolean algebra & as its range. Let f;(Xi, Xe,..., Xn) and 
gi(X1, Xe,..., Xn) (@ = 1,2,...,m) be 2m formal Boolean expressions 
formed from these variables and the operations “WU”, “M’’, and “ ”. 


We consider the set of m equations 
(*) fi(X, Xo, sey X n) = gi(Xq, Xe, eeey Xn). 
(@ = 1,2,...,m) 


A solution of this set of equations is an n-tuple B,, Bo, ..., Ba of elements 
of & such that, for each 7(1 < 7 < m), the two expressions f;(B,, Bo, ..., 
B,) and g,(B,, Be,..., Ba) represent the same element of &. 


Now, let us consider a single equation 
(Xi, Xo, ae X n) = g(Xi, Xo, tele ey pan 
This equation is equivalent to the two inequalities 
f(Xi, Xo, weg X n) < g(Xi, Xo, Ea Xn) 
and 
g(Xi, X2, ae Xn) < F(X, Xe, a Xn); 
these inequalities, in turn, are equivalent (Problem 6, Section 5-2) to 
f(X1, Xo, se ., Xn) (VN g( Xi, X2, st ane a = [, 
and 
g(X,, Xo, ceey X n) (Y\ f(X, Xo, eeey X n) = f, 
Finally, these two equations are equivalent to the single equation 
[f(X1, Xa, eee Xn) C) g(X,, X2, oe ey Xn)] 
U [f(X, Xo, psa Xn) (\ g(X1, X2, ce ey Xn)] = L. 
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Thus, each of the equations in the system (*) can be written with the 
least element ZL of & as the right member of the equation. But then, 
evidently, the entire system of equations (*) is equivalent to the single 
equation 


(fi(X1, Xo, haesa oy Xn) (\ gi( Xi, Xo, oar wey Xn)| 
U [fi(X1, Xe, sey X n) CV gi( Xi, Xo, aot ig X n)| eee 
U [Lfm(X1, Xo, saey X n) C Im( Xi, Xo, ate Xn)| = ff, 


Now, if we write the expression in the left member of this equation in 
conjunctive normal form based on X,, Xe,..., Xn (the conjunction of a 
set S of elementary disjunctions based on X,, X2,..., Xn), it is easy to 
see that the equation has a solution iff 5 ~ @ and, when this condition is 
satisfied, any n-tuple of elements of & which makes one of the elementary 
disjunctions in 9 take on the value L is a solution of the equation. However, 
this procedure may not give all the solutions, as is shown by Example 4.1. 


Example 4.1 Given a Boolean algebra &, solve the system of equations 
Xy = Xe 
Xo = X3 

in &. 


Solution: Using the procedure of the text, we find the following single equa- 
tion which is equivalent to the given system. 


(X, (\ X») U (X, (\ X2) LU (Xo C\ X;) U (X27) X 3) —= L. 


Writing the left member in conjunctive normal form based on Xi, Xe, X3, 
gives 


(KAIROS 7. 


Thus, the system of equations has solutions. One of its solutions is 
given by 


X, = X, = X3 = L, 
and another solution is given by 
= Xe] XS 
or, equivalently, 

X, = X_ = X3 = G. 


Of course, there are as many more solutions as there are additional ele- 
ments of &. 
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We turn our attention now to certain problems in logic. We suppose 
the statements aj, d2,...,@, are given, but that we may not know the 
respective truth values A,, A2o,..., An of these statements. However, we 
are given a. set of Boolean equations (in the Boolean algebra {0, 1}) in- 
volving A,, Ae,..., An. The problem is to find these truth values. 

The procedure discussed above gives a method for solving such prob- 
lems, but the algebraic manipulations may become cumbersome. They 
can frequently be simplified with a little ingenuity. Illustrative examples 
are presented in Examples 4.2 and 4.3. For a more detailed discussion, 
see Refs. 10,4,and19. The last two of these references discuss the question 
of uniqueness of the solutions. 


Example 4.2 Out of six students, exactly two are known to have been 
cheating. Andy says ‘‘Ben and Charles’. David says “‘Edgar and Fred’’. 
Edgar says “‘Ben and Fred’’. Charles says ‘“‘Andy and Ben’. Ben says 
“David and Edgar’’. 

In one of these quotations, neither boy mentioned has been cheating. 
In each of the other four quotations, one of the boys mentioned has been 
cheating and the other has not. Who are the cheaters? 


Solution: We shall use a for the statement ‘‘Andy has been cheating’’, and 
similarly for b,c,d, and e. The truth value of each of these statements 
will be denoted by the corresponding capital letter, and we shall find equa- 
tions in the Boolean algebra {0, 1}. 

Each quotation is a lie, since at least one of the boys named has not 
been cheating. Thus 


(1) BOC=EQ)F=BOF=ANB=DOE=0. 

Also, in one of the quotations, neither boy mentioned has been cheating. 
Hence 

(2) (BUQVO\(EUPO(BUPOAUBO(DU BE) =0. 


Finally, for some set of four of the quotations, each one of the four gives 
one of the cheaters correctly. Thus 


(3) (EUPOBUPOAUB)O(DYU £)) 
ULBUQOA(BUPOA AUB) O(DYU B)) 
ULBUQOBUPOAUB)O(DY EB) 
ULBUQOABEUPRO(BUP)O(DYU £)) 
ULBUQO(BFEUP)O(BUF)O(AU B)] = 1. 

Using the distributive law and Eqs. (1), we find that Eq. (2) reduces to 
(BINEJV\OCOFMAMD) = 0. 
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Since this disjunction is zero, each of the terms is zero. 
(4) BO\E =0. 


(We already know that C(\ F (\ A (\ D = O, since only two of the boys 
have been cheating; this remark will be used in simplifying Eq. (3) below.) 
Now using the distributive law and Eas. (1) and (4) to simplify Eq. (3), 
we obtain 
BI\D=1. 


Ben and David have been cheating. 


Example 4.3 Ann, Betty, Cora, and Doris have engaged in a cake-baking 
contest and each won one of the four prizes. Three of the girls reported 
as follows. Ann said ‘‘Cora was first; Betty was second’. Betty said 
“Cora was second; Doris was third’’. Cora said ‘‘Ann was second; Doris 
was fourth’’. Each of the three girls made one correct statement and one 
false one. What were the results of the contest? 


Solution: We use a, for the statement ‘‘Ann was first”, and similarly for 
be, ca, etc.; again, the corresponding capital letters are the truth values of 
these sentences. 

Since one of Ann’s statements is true, and the other is false, 


(C10 BU (C, 0 B2) = 1. 
Treating the other two quotations similarly, and taking a conjunction, 
(1) (C1. Be) U (€,. 0 Ba) O (C20 Ds) U (C2 CO Ds)] 
(\ [(A2O Ds) U (An Ds] = 1. 


From the nature of the problem, no girl won two different prizes, and 
no prize was won by two different girls. Thus, we have the conditions 


(2) Ch C\ C2 = 0, BoC Cy = 0, etc. 
Using the distributive law, and Eq. (2), we find, from Eq. (1), 
(C; (\ B,) (\ (C2 a Ds) (\ (Ao C\ D,) = 1. 


From this conjunction we find that Cora was first, Ann was second, and 
Doris was third. Therefore, Betty was fourth. 


PROBLEMS 


1. Show that any system of equations in a Boolean algebra & is equivalent 
to a single equation in which the right member is the greatest element G. 


8-4 


2. 
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Show that if an equation in a Boolean algebra has any solutions, then 
it has a solution in which each variable has one of the values L or G. 


. For each of the following systems of equations in a Boolean algebra &, 
find a solution or show that there is none. 
(a) X1 = Xo (\ X3 
Xe = Xi U € 
X3 = Xo C\ Xe 
(b) Xy = Xe (\ X3 
AQ = Xi U X;3 
X3 = Xo CV Xi. 


. One of the four men Adams, Baker, Carlson, and Davis has committed 


acrime. The men make the following statements. 

Adams: ‘Carlson did it ”’ 

Baker: “I didn’t do it.” 

Carlson: ‘‘Adams’ statement is faise.”’ 

Davis: ‘Adams did it.” 

(a) If exactly one of the four statements is true, who is the guilty man? 


(b) If exactly one of the four statements is false, who is guilty? 


. Three marbles are drawn successively and at random from a sack con- 


taining marbles which are red or white or blue. Two of those drawn 
are red and exactly one of the following three statements 1s true. 


(1) The first marble drawn is blue. 
(2) The second marble drawn is red. 
(3) The third marble drawn is not white. 


What is the color of each of the three marbles drawn? 


. Four blocks of wood are sitting on a table. The top face of each block 


is colored red, green, yellow, or blue, and no two are colored the same. 
The bottom faces of the blocks are also colored with the same four 
colors; no two of the bottom faces are the same color, and no block has 
the same color on both its top and bottom faces. The block with the 
red top face does not have a blue bottom face. For the block with the 
yellow top face, the color of its bottom face is the same as the color of 
the top face of the block for which the bottom face has the same color 
as the top face of the block whose bottom face is green. What are the 
colors of the four blocks? 
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